
Phase-field model of crack propagation in anisotropic materials under mode III load  
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The phase field variable is a measure of 
the local damage of the material [4-6]  

-π/2 -π/4 0 π/4 π/2
θ − α

-1

0

1

2
Γ / Γm least squares fit
Γθθ  / Γm
(Γ + Γθθ ) / Γm

-π/2 -π/4 0 π/4 π/2
θ − α

-1

0

1

2
Γ / Γm,   ε = 1.0
Γ / Γm,   ε = 0.5

(b)

ε = 0.5

ε
=
1.
0

ε = 0.5

ε
=
1.
0

⇠ =
p

/2Ecprocess zone size 

�m = 2
p

2Ec
Z 1

0
d�

p
1� g(�) = 2.027

p
Ec

fracture energy along the direction of minimal surface energy 

u3 = ��

u3 = +�

2W↵✓

x

y

material axis with maximum 
fracture energy  

�(✓)/
p

Ec = c1(✏) cos 2(✓ � ↵) + c0(✏)

✏ c1 c0 R�

0.33 0.224 2.77 1.176
0.50 0.325 2.84 1.258
1.00 0.573 2.99 1.474
2.00 0.962 3.33 1.812
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Linear Elastic Fracture Mechanic Analysis (1) 
Off-center stable crack propagation  
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Perturbative expansion of the stress field near the crack tip (angular component) 
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the subdominant term breaks the symmetry of σ3θ around θ = 0   

From this expansion and the torque balance condition we obtain the law of motion for the   
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For straight cracks            so that we can measure     from the equilibrium 
position y0 for different angles θ   

A2 = y0�/3W 2
p
1� (y0/W )2 `

f✏ = 3
�✓(0)

�(0)

r
W

2`

where	


Finally, we are able to predict 
the exact off-center position 
of the straight crack: 
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Conclusions 
•  The anisotropy of the material induces oscillating fractures when the crack is forced to propagate along 

directions with Γcθθ < 0.  
•  This condition is necessary but not sufficient because it neglects finite size stabilization effects. 
•  LEFM analysis proves that oscillatory paths originate from a linear instability of the straight propagating 

crack. 
•  Phase-field simulations also reproduce qualitatively the crack paths observed in tearing experiments of 

anisotropic thin sheets, such as off-center fractures parallel to the strip boundaries and sawtooth patterns. 	


Linear Elastic Fracture Mechanic Analysis (2) − Oscillatory crack propagation (α = 0) 
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Stabilization of oscillatory cracks due to 
finite size effects. W is used as bifurcation 
parameter:	
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Phase-field simulations for α = 0	
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Conformal mapping allows one to derive an exact integro-
differential equation that provides A2 at the tip of gently 
curved cracks 	


where the crack tip is located at (xt, yt), while I1 and I2 are 
path dependent integrals: 	
 ⌘ = 1� e�⇡(xt�x)/Wwith                    and	


η0 is a small scale cutoff of size ξ	
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The torque balance condition along the direction of maximum 

fracture energy is	


Linear Stability Analysis	
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we solve numerically the real and imaginary part of 	
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Analytical results for oscillatory cracks: 

1)  Critical strip width 

2)  General condition for instability 

3)  Asymptotic exp. in the large σ (i.e. size) limit	
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We study crack propagation in anisotropic media with a phase-field model where generalizations of the Principle 
of Local Symmetry (PLS) are not obvious. Our starting point is an extension of the PLS based on the analysis of 
forces acting on the crack tip [1,2]. When the crack kinks of a small angle δθ  from its local axis, a torque 
 

turns the crack tip in a direction that maximizes the energy release rate G(θ). For a fracture energy that depends on 
the propagation direction 
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torque balance condition 

Recent tearing experiments of bi-oriented brittle thin sheets revealed that strong anisotropy 
suppresses straight crack propagation along so-called forbidden propagation directions, 
leading to crack paths with a characteristic sawtooth pattern [3]. Takei et al. proposed a 
criterion for the identification of forbidden propagation directions, that is Γc+Γcθθ < 0. 
Although we study crack propagation for pure antiplane shear (thick samples), our analysis 
provides insights on the origin of oscillatory cracks in anisotropic media. 

Experimental motivation: 
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Phase-field simulations reproduce stable and oscillatory cracks 

A0 is the 
oscillation 
amplitude 

y0 is the vertical 
position of the crack  


