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Outline UNIVERSITY OF LEEDS

@ introduce a phase field model for solidification

@ show the effect of changing interface widths on this model using
three measures:(1) tip radius (2) tip velocity (3) solute change
across interface

@ introduce a bracket formulation as an alternative way of deriving
the standard dynamical equations

@ explore generalisations of the procedure to derive a modified
model

@ compare the effects of using these terms
@ answer the question posed
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Typical dendrite growth in 3 d UNIVERSITY OF LEEDS
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Alloy solidification model UNIVERSITY OF LEED

@ Phase equation for ¢ € [0, 1]

. oF
¢ = —M%, (1)
@ Conserved solute equation for ¢ € [0,1]
. oF
c=V- DV& (2)
@ Gibbs Free energy, F = |, fdQ2, where the density
f=W(35°A(V)?Vo -V +a(9))
+9(1=¢)hi(c, T)+g(e)hs(c, T) )
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Free energy density UNIVERSITY OF LEEDS

@ h; and hg are the bulk free energy densities of liquid and solid
@ (¢) is a double well potential

@ g(¢):9(0)=0,9(1) =1 interpolates between h; and hg

@ J is a measure of the interface width

@ The surface energy, W, and mobility, M, are proportional to 1/6.
@ Anisotropy is defined

_ Ve
Bz

A(V9)=1—Be+4e(ny+ny), €~0.02, n (4)
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Anisotropy UNIVERSITY OF LEED

@ Calculating the variational derivative gives the phase equation

2 .
A;W¢ = 52K (ve)— L 099 p. p) (5)

where we define W = W§, M = M$ to see the dependence on the
interface width, &

@ The contribution from anisotropy, K(V¢), is given by
) (6)
p=V9
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Effect of 6 on results UNIVERSITY OF LEED

@ Three measures of simulation
o tip velocity
e tip radius
e solute change across interface, ke = Cmin/Cmax
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Effect of 6 on tip velocity UNIVERSITY OF LEED

Tip position
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e finest mesh, width 0.6
— fine mesh, width 1.2
—— coarse mesh, width 2.4,
@ A marked lowering of velocity with increased interface width J
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Effect of 6 on tip radius UNIVERSITY OF LEED

tip radius for varying widths

radius
10

0 500 1000 1500
time

=== finest mesh, width 0.6

fine mesh, width 1.2
— coarse mesh, width 2.4

@ Reasonable agreement of the tip radius across all widths ]
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Effect of 6 on solute ratio UNIVERSITY OF LEED

C_min/C_max with varying width

0.55

cratio 0.50

0.40
0
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time

wes finest mesh, width 0.6

fine mesh, width 1.2
— coarse mesh, width 2.4

@ divergence of the solute ratio ke = Crin/Cmax J
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Alloy solidification model UNIVERSITY OF LEEDS

@ One route to compensate for the solute trapping in the interfacial
region is to introduce an opposing current, j e ¢n [Alain Karma,
Phys. Rev. Lett. 2001]

@ Phase equation for ¢ € [0, 1] stays the same:

oF

60’

@ Conserved solute equation for ¢ € [0,1]
. oF
=YDVt V.

@ We investigate an alternative approach

b=—M
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Alternative route UNIVERSITY OF LEED

Poisson bracket

@ Hamiltonian energy:

H=1P P vy,

IS

@ The Poisson bracket for arbitrary variable A:

S, (0AJH dAIH
A B} = —
A8} z,: <3Xi Ip; Ipi 3Xi>
@ Equations of motion:
x; = {xi, H},
,bi = {pivH}v

(7)

(9)
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Alternative route UNIVERSITY OF LEED

Dissipation bracket

@ Gibbs free energy, F = [, f(¢,Ve,c)d3x
@ Dissipative bracket for arbitrary functional A:

0ASF 4 0A _O6F ;
= — ———Bx- V-— .V—
[A, E] /QM6¢8¢dX /QD Sc Scdx

@ Equations of motion: A= [A, F] together with the chain rule
A=, (%q) i %'c) d3x,

@ gives the dynamical equations:

S8F OF

c=V.DVo— (10)

$=-Mss’ 5c

v
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Dissipation bracket UNIVERSITY OF LEEDS

... with thermal/entropy field
@ Gibbs free energy, F = E — [osTd3x = [ f(¢,V¢,c, T)d3x
@ Dissipative bracket for arbitrary functional A:

3 SASE 5 MSAGE GE

A.El = /M5¢ 50 T&%%d
DSA_SE _SE 4
/DV* V* TSSVSC Vo4 X

K _SA BEdSX /K6A SE 6Ed3

?V?s VTs T2 63V6s 5s

@ Equations of motion: A=A, E]
Notes: diffusion parameters, symmetric terms, no cross terms, T in
“non-linear" entropy terms.
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Variational relations UNIVERSITY OF LEEDS

@ Variational chain rule

A= /( +‘Z’2>dx, (11)

@ Generalised thermodynamics

0 .
6¢ c,s 6¢ c, T 7 éc 0,8 éc 0, T
)= oF
sl 0 Tl "
@ Derived definitions
as )= )=
“=To7 » =%, = %el,-

74 N\
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Dissipation bracket UNIVERSITY OF LEEDS
Alloy dynamics
@ This gives
oF
¢ - _M%a
¢ = v.ovor
. . 50
CoT+V-q = Lo+Kc,
- 6F oF as
q = —kVT-DL_ Vi qu) (14)
@ also an entropy equation.
§4V.ds=6>0 (15)
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Dissipation bracket with Cross terms  UNIVERSITY OF LEEDS

@ a more general bracket (for isothermal)
_ O0ASF 3y 0A _OF 4
AE] = —/M¢¢5¢6¢d /DCCV VX
0A _OF SA 6F
/DC¢V CV6¢d3 /Dq,cv ¢ d3
0AGF 0A 6F
/M¢C S dx /Mc¢6 556 (16)
@ Gives dynamical equations
6F 8F 8F 6F
6F 5F 5F SoF
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New terms to address kg problem

@ Considering solute conservation implies Mcc = Mgy = My c =0
and the symmetry of the bracket implies Dy ¢ = D¢ ¢

@ choose: D¢y = BD,My 4 = (1+B)Mand Dc = D, to give

: SF 5F

¢:—M(1+ﬁ)7¢+v‘ﬁDV§> (18)
OF oF

6=V DV +V-BDV g (19)

where B >0and f8 «< &
@ there is an entropy contribution of

. M(1+B)SFSF D_SF _SF . D_8F _&F
S Sl o ZyvilyvEl v vl
S= ot e T T sc "oc TPT 50 oo

(20)

@ This gives the following results
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Effect of 6 on tip velocity UNIVERSITY OF LEED

Tip position
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m=== finest mesh, width 0.6, beta 0.0
— — fine mesh, width 1.2, beta 0.3
— — coarse mesh, width 2.4, beta 0.3

@ Still some lowering of velocity with increased interface width, but
better than without the new terms J
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Effect of 6 on tip radius UNIVERSITY OF LEED

tip radius for varying widths
with cross terms

0 500 1000 1500
time
== finest mesh, width 0.6 — — fine mesh, width 1.2, beta 0.3
— — coarse mesh, width 2.4, beta 0.3

@ Good agreement of the tip radius across all widths — marginally
better than without the terms J
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Effect of 6 on solute ratio UNIVERSITY OF LEED

C_min/C_max with varying width
0.60

cratio 0.50

0.45

0.40

0 500 1000 1500
time
=== finest mesh, width 0.6, beta 0.0
— — fine mesh, width 1.2, beta 0.3
— — coarse mesh, width 2.4, beta 0.3

@ good agreement for the solute ratio ke = Cmin/Cmax- ]
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Effect of 6 on solute ratio UNIVERSITY OF LEED

C_min/C_maxwith varying width

0.55

cratio 0.50
045
0.40
0 500 1000 1500
time
=== finest mesh, width 0.6, beta 0.0
— fine mesh, width 1.2, beta 0.0
— coarse mesh, width 2.4, beta 0.0
— — fine mesh, width 1.2, beta 0.3
— — coarse mesh, width 2.4, beta 0.3
@ a marked improvement over the standard model )
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Final slide UNIVERSITY OF LEEDS

So... yes we can

@ ... by the introduction of cross terms, from a generalised
variational procedure in the phase-field modelling of alloy
solidification, find a natural anti-solute trapping current
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