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3, 1980. (c) Erpcrimcar 217-45, Dcoembcr 12,

TABLE t. Summary of ttBr Tnccr Tcetl Conduc{Gd on lhc Fcrton Hill Gcothermat Rescnoir

CUMULATITG PROOtrc€O FLUIO rOUrtE (nl!t

CUTTULATIVE PROOUCEo FLUTO VOLuME (mll

Datc

GT-28 Modal Volumetric lntcgral
Ftow Ratc, Watcr Tracer Volumc Width at Mcan Volumc

Erpcrimcnt 6r7s x l0-! toss, % Rccovery, o/o y',t mt l/2 Hcight, m! (Y),tf m3

Ma1. 9, t980
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'Well borc plug frow dclay votumc of l5l nrrubtnaod from mcerurcd valucs.
iCalculatcd assuming rn crponcntially dcceying tril (scc Appcndir B for &trils).
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2.4. TIIE NATE I.AW

We ccm show experimentolly thct for the generol

A + 2 8 + . . .  - - ' P + 2 Q . . .
reoctqnts products

we ccrn write the rqte lqw,

dlAl =
dt

-&[A]"[BlblP]'[Q]'

dIA]
dr

k

irreversible reoction

(2- l)

(2-3)

where

e, b, p, q,

: time rqte ol chcrnge in molar concentrstion of species A,

: reqction rcrte constgut, r'nd
= constqnts

In this book, [ ] is used to signify concentrqtion in moles/liter. We mcry
use concentrqtion units other than moies/liter in the rqte lqw but in doing
so we should use the sctme concentrction unit for eqch species crnd realize
thqt both the numericqi vciue crnd units of tbe recrction rqte constcnt will
difler from those found when moleculqr concentrations cse used.

Using ow knowledge of the stoichiometry of the reaction, that is, the
relcrtive number of moles of species reocting cnd the reiqtive number of
moles of products being formed as the reaction proceeds, we ccn stqte
thqt

dlAl : ldtBl = 
-dlPl 

: 
-r dlQl

d t  Z d t  d t  2  d t
(2-2)

because I mole of A reccts for every 2 moles of B thqt reqct, qnd so forth,
and I mole of P is formed for every mole of A thqt recrcts, qnd so forth. We
can determine the reoction order from the rcrte lqw. The overo.|^| reqction
order is

o  + b  + p  + 9 .

while the order with respect to A is o, the order with respect to B is b, qnd
so forth. If the reqction is irreversible, then p, cl, . . ., the exponents of the
product concentrcrtion, are usuolly zero. For exqmple, if

dtAl
dt

-r [A][BI'

then we would scry thct the recrction wos first order with respect to A,
second order with respect to B, cnd third order overcrll. It is important to
note thqt re<rction order is generclly not determined by the stoichiometry
oI the overcrll reqction. Loborctory experimentation is necesscrry to de-
termine the order.

The following excmple illustrctes severcrl points thcrt qre importcnt for
c good understqnding oI the rate lcw.



Integrrated forms of the rcrte lqw qre yery useful Ior cncrlyzing rate dctc
to determine reqction rate constqnts qnd reaction order. Let us first
consider the irreversible reqetion

fi + products

which has the rate lcrw

dtAl
o'  

' :  -&[A]"

To determine the behcrvior oI [A] qs cr function of time, we must integrote
the rqte expression with respect to time. We will do this for severql vqiues
of the recrction order, n. when n = 0, the reaction is zero order, qnd

dlAl =
dt

Upon integrroting, we obtqin

-&[A]o - -k (2-4)

lAl : [A]o -]r (2-s)
where [A]o : the concentrcrtion of A qt t = 0, tbqt is, the initicl concentrqtion
of A. The hclf-/i[e, t1p, or time {or 50 percent of the initiol concentrqtion
to react can be obtcined from Eq. 2-5 by setting [AJ : 0.S [A]0 when I :
t.rn. Then

,  _  0 .5 [A ]o
k

When n : l, the recrction is first order, both with respect to A ond
overqll, and we ccn write,

-ktAl (2-6)

Recrrcnging Eq. 2-6

we find

cnd sol integrol,

t

f- f  k d t
-l
0

or

(2-7)

Q-8)

t t , z :

If the recrction is greoter thcn first

dlAl :
dt

&

order, then we can write

-&[Al"

dlAl =
dt

ving the

l A l

r dtAl

,/,. [A] 
=

ln [Al : In [A]o - kt

[A]  = [A]oe-* '

Examination of Eq.2-7 suggests that the rate constantk mcry be determined
experimentclly from q piot of ln [A] versus t, which hqs a slope of -k.

Also, {rom Eq. 2-8, when [A] : 0.5 [A]0, we find the hoif-life to be

0.693

(2-e)
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Reaction Rates  

 ( ) ( )i
i i i i

c
c D c R

t


       


u  (1) 

 

For the reaction: 

 1

2

k

k
A B C   (2) 

 

 

1

2

Forward rate [ ][ ]

Reverse rate [ ]

k A B

k C



  (3) 

At equilibrium:    Forward rate = Reverse rate 

 1 2[ ][ ] [ ]k A B k C  (4) 

 2

1
[ ][ ] [ ]

k
A B C

k
   (5) 

For closed system and one mole each of [A] and of [B], with 1 21 and 10k k  , then: 

 

 
2[ ][ ] (1 ) 10

[ ] 1
A B X
C X


   (6) 

 

And (1 ) [ ] [ ] 0.916 and X=[ ] 0.0839X A B C     . 

 

Implementation: 

 

1 2

1 2

1 2

[ ][ ] [ ]

[ ][ ] [ ]

[ ][ ] [ ]

A

B

C

R k A B k C

R k A B k C

R k A B k C

 (7) 

Generalized: 

 
1 1

[ ] [ ]
r r

j j

N N
f f r r

i i j i j

j j

R k c k c  (8) 

 

Heats of reaction: 

 i i iH R H  (9) 

And heat balance requires: 

 ( ) ( ) i
T

c T T H
t

 


       


u  (10) 

 



REACTION ALGORITHMS FOR MT,'LNCOMPONENT SYSTEMS

Mathematical descriptions of reaction s-vsterns

The multicomponenl multi-species systems rypical of those which occur in porous media
require some special treatmenL both because they involve multiple unknowns and because they
are usually nonlinear. The mathematical descriprion used, however, will depend on what form
the reacdons in the system are assumed to take. It is instructive to derive a general approach to
handle multicomponent, multi-species reactive systems. Formulations for arbitrarily complex
reaction systems charactenzed by both equilibrium and non-cquilibrium reactions have been
presented by Lichrner (1985). Lichtner (this volume), Friedly and Rubin (1992), Sevougian
et al. ( 1993), and Chilakapari ( 1995). A clear discussion of one possible way of doing so is
given by Chilakapati ( 1995). His approach begins with the most general case, a set of ordinary
differenual equations for each species in the systcm and reactions between the species describcd
by kinetic rate laws. A system contarning N,rr species and IV, rcactions can be exprcsscd as

r  f f :  y .R .

CaCOI +Ca+2+CO12 R1

Hco3- + CO12 + H+ Rz
HzCOr + CO12 + 2H+ Rr

H+ + OH- -- HzO &.

( l )

The raised dot indicates matnx multiplication. I is the idenriry matrix of dimension Nror x
N,o,,Cisthevectorofsoluteconcentrationsof length Ntot,u isamarixofdimensioDNror x
&, and R is a vector of lengrh N,. For example. the matrix u and the vector R have the form

t ' l . l  u l .w ,
v2.2 v2.N,

R =

vN,or,2 vVror,N,

The multiplication of thc identity matrix by the derivatives of the individual species conoen-
trations rcsults in an ODE of similar form for eeh of thc spccies in thc sysrcm.

As an example, consider an aqueous system consisting of Ca+2, H+, OH-, COt', HCO;,
H2CO3, and CaCO3(s) (cdcite). We ignorc H2O for the salc of conciscness. In addirion,
we assume that the following reactions occur, without yet spec'ifying whether thcy are to be
considercd equilibrium or kinetically-conuolled rcactions,

(2)Irrl
L^",J

l- "'. t
|  ' : '

u = l
t :
Lu.v,., t

(3)

(4)

(5)
(6)

In the above equations R; symbolizcs the rate exprcssion for rcaction i. We also makc no
assumptions at this stagc about whcther thc set of rcactions includcd are linearly indcpendcnt
(although the rcactions listed above are). We have shown the reactions to bc rpveniblc hcre (thus
the symbol *) but the rcsults below apply whedrer the rcactions are irreversible or rcrrersible
since at this stage, one can think of the reaction ratcs as simply timedepcndent cxpressions of
the mole balances inhercnt in a balanccd chemical reaction. The rcversibility or lack tbcreof
only dercrmines whethcr the sign of the rcaction rate can change. The rcrrr rcvenible is
generally used by thermodynamicists to rcfcr to equilibrium rcrtions (Lichtncr, this volume),
although we prefer to usc it to rcfer to reactions which are sufficiently close to cquilibrium
that the backward reaction is important. It is quite possible in a saady-starc flow syscm, for
example. for backward rcactions to bc important and yet not to be at cquilibrium (e.g. Nagy et



al., l99l; Nagy and l,asaga 1992; Burch ct d., 1993). According to this dcfinition, the tcrm
irwversible is uscd for those rcactions which procccd in only one direction (i.e. those that can
be rcprcscntcd with a unidirectional arrow, +).

For our example aquoous system, the rates for the individual species can be writtcn

dtHz.corl _ _R3
dt

dtHcotl _ _R2
dt

dlCaCOrl
- - - R r

dtoH-l _ _Rr
dt

r y = R : * 2 R 3 - R a
dt

dlCa+21 _ *,
dt

d t c o ; 2 1  
= R r * R z * R r .

dt

In matrix form the systcm of cquations bccomes

(7)

(8)

I
0
0
0
0
0
0

0 0 0 0 0
r  0 0 0 0
0  r  0 0 0
0 0 l 0 0
0 0 0  r  0
0 0 0 0 1
0 0 0 0 0

0
0
0
0
0
0
I

dlHrCQl
a l

dtHco;l

arcf6o.,r
d t

dtoH- l
dt

dlB*l
d t

dlCa+: I
d r .

dtco;'l
T

[R ' l
l R r  I
l n ,  I
LRrJ

0  0  - l  0
0  - r  0  0

- r  0  0  0
0  0  0  - l
0  |  2  - l
r 0 0 0
r r l 0

(e)

(10)

( l  I  )

(12)

( l  3 )

(14 )

As wnnen in Equation (14), the stoichiometric reaction marrx, v. is rcferred to as being in
canonical form (Smtth and Missen, 1982; Lichtner, 1985: Lichtner, this volume). The sysrem
of equations is partitioned into the fint four rows where the associated species (HzCOl, HCOt,
CaCOt(s), and OH-) are involved in only one rcaction while in the remaining threc rows the
species are involved in multiple reactions. The first four species are referred ro as secondary or
non-component species, while the last three are the primary or componenr species (Lichtner,
thrs volume). These are also rcferrcd to as Dasis species because they form a basis which spans
the concentration space. In this example, we have written all of the carbonare reactions using
the species COI' prccisely so as to rcsrict all of the other carbonate species to involvement
in a single reaction. This is an essential first step in obtaining either the canonical formulation
(Lichmer. 1985; Lichtner, this volume) or to writing the reactions in tableaux form (Morel and
Hering, 1993), both of which assume that one is dealing with a set of linearly independent
reactions, but it is not essential for what follows belou,. The procedure u'ill also work if,
for example, the formation of H2Co3 involved H- and Hco-t rather than 2 H' and co;2,
although we will not obtain the conserved quantities (total H-. roral CO.l. erc.) found in ihe
tableaux method without additi onal manipul ati on s.

The systcm of ODEs could be solved directly in the form of Equation ( l4 r if the reacrions
are all described with krneuc rate laws. Alternatively. one can apply a Gauss-Jordan elimination
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( l f )
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0
0
0
2
0
I
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Tbble l. Tablcaux forcarbonuc systcm. neglecting
HzO as a spocies and component.

and

fr {rr-t* 2[Hzcorl a tHcof l - toH-]) = 0

fr {rr^*'l+ tcacorr) = o

fr (r"o;t, + [Hzcor].. grco!) + tcaco3l) = o.

From the cxample, it is apparent that wc have climinated the reacuons in the cquations originally
corrcsponding to the species H+, Ca+2, and CO!2 by making use of the rclauons in the first

foru cquations. The last ttuec cquations are mole balanccs for rotal H+, Ca+2, and COlz

T oTH' = [H*] - tOH-l + tHCOtl + 2[HrCOr]
T oTCa+2 = [Ca+2] + [CaCoi]

T OTCO;2 = [COt2] + [HzCOrl a IHCO3 i + [CaCOr].

Note that the canonical form of the stoichiometric reaction matrix is identical to the
tableaux form popularized by Morcl and coworkers (Morel and Hering, 1993; Dzombak and
Morel, 1990). By ransposing the last thrce rows of the matnx M in Equation (17), we can
wnte the marix in tableaux form (Table l).

The procedure has yielded exprcssions for the total concentratrons of the N, pimary or
component species. A morc general form is given by

N,

T O T t = C t * I r , r x ,

(23)

(u)

(2s)

(26)

(27)

(28)

(29)
l = l

wbere C, and X, rcfer to the concentration of the primary and secondary species respectivell'.
Norc that the number of secondary species is equal to rV,, the number of linearly independent
rcacLions in the system (i.e. the rank of the matrix u). Equation (27) nd E4uation (28)
are recognizable as the total concentrations of calcium and carbonate respectively. The total
concentration of H+ is wrinen in exactly the same form as the other equauons. although is
physical meamng is less clear because it may take on negative values due to the negative
stoichiometric coefficients in the expression. The mole balance equation for total H+ is just
the proton condition equarion referred to in many aquatrc chemrstry textbooks. Oxidation-
reduction reactions are also casily handled with this method. If the redox reacuons are wrinen
as whole cell rcactions, therc is no nccd in any application not involving an eleccical current

(see Lichmer, this volumc) to introducc the electron as an unknown. Writing the reactrons as
whole cell reacuons allows redox reactions to bc tneatcd exactly likc any other reaction.

H+ Ca+? co;2

HCO' I
CaC03
oH- -l
H + l
Ca+2
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