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[1] We develop a granular mechanics model to represent the process of chemical
compaction within granular media. This model represents the serial processes of
stress-enhanced dissolution, mass diffusion along the fluid film separating grain
boundaries, and then mass ejection into the pore space, where it may then be either
reprecipitated onto the pore wall or removed by fluid advection in an open system.
This process is controlled by the evolution of intergranular effective stress and mass
concentrations in the fluid either in the water film or the pore space. The evolution of
intergranular stress is followed by a granular mechanics model that rigorously couples the
magnitude of the grain-grain contact stress to determine the time history of stress-driven
dissolution. Pore fluid concentration provides a feedback to intergranular dissolution,
halting intergranular compaction as fluid concentrations approach aqueous saturation.
Importantly, chemical feedbacks onto the mechanical system and mechanical feedbacks on
the chemical system are rigorously accommodated. Compaction is halted either by the
amelioration of the driving stress (through the growth of the contact area) or by the
saturation of the fluid in the pore space. This model is used to explore the influence of
heterogeneous assemblages of particles on the rate and ultimate magnitude of compaction
and the resulting evolution of permeability. Specifically, we explore the influence of
heterogeneity in granular packs by using heterogeneous distributions of particles (linear,
Gaussian, or bimodal). Results indicate that porosity and permeability decrease with
compaction. Small particles dominate this dissolution-mediated process and accelerate
compaction; this is true both for homogeneous distributions of small particles and for
coarser aggregates containing a fraction of smaller particles. Overall, compaction is also
greater for finer aggregates resulting from the larger deformation required, reaching the
critical stress that will halt compaction. This feature is due to the necessary redistribution
of intergranular stresses that are shed from point contacts in active chemical dissolution
onto those not deforming.

Citation: Zheng, B., and D. Elsworth (2012), Evolution of permeability in heterogeneous granular aggregates during chemical
compaction: Granular mechanics models, J. Geophys. Res., 117, B03206, doi:10.1029/2011JB008573.

1. Introduction

[2] The interaction of mechanical and chemical effects
exerts significant influence on the evolution of permeability
[Yasuhara et al., 2003] and strength [Yasuhara et al., 2005]
of granular aggregates and of fractures [Yasuhara et al.,
2004]. These feedbacks may involve reduction in perme-
ability as stress-mediated dissolution removes porosity
[Revil, 1999; Yasuhara et al., 2003, 2004], augments
porosity by wormholing [Andre et al., 2007; Bemer and
Lombard, 2010; Polak et al., 2004] or occludes porosity
by precipitation [Bekri et al., 1995, 1997; Cussler, 1982].

Similarly, changes in strength result from interface bond-
ing mediated by dissolution and precipitation [Niemeijer
et al., 2010; Yasuhara et al., 2005] and by subcritical
crack growth among other mechanisms [Chester et al.,
2007]. These processes that evolve at the microscopic scale
exert important influences on the macroscopic behavior
of granular media and are important in understanding rup-
ture, reactivation and healing on faults and in linking
triggered seismicity and permeability evolution in geother-
mal, sequestration and hydrocarbon reservoirs. This work
focuses on the effects of stress-mediated chemical effects in
defining the evolution of strength and permeability during
chemical compaction.
[3] Chemical compaction results where the elevated con-

tact stresses at grain-grain or asperity-asperity contacts ele-
vates the chemical potential of the mineral allowing the
presence of water film to redistribute the dissolving mass.
This grain-grain contact may be considered as a thin water
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film [Revil, 2001; Rutter, 1976] at the contact face or as a
dynamic island-channel network [Lehner, 1995; Raj, 1982;
Schutjens and Spiers, 1999] supplied by dissolved mineral
mass as the activity of the stressed minerals in contact with
the fluid is elevated. Dissolution at the stressed contact is
thermodynamically favored [Paterson, 1973]. The dissolved
concentration in the contact area is elevated over that in the
pore space allowing diffusion from the high-concentration
intergranular area to the low-concentration pore space.
Eventually, mineral reprecipitation to the hydrostatically
stressed pore walls may occur, depending on the rates of
flushing of the pore space with any advective flux. These
processes may result in permeability reduction owing to
compaction of the granular assemblage and the filling of
the pore space and has been successfully applied to explain
important phenomena such as diagenetic compaction and
fault healing and sealing [Sleep et al., 2000; Tada and
Siever, 1989; Yasuhara et al., 2005] in crustal rocks.
[4] A variety of models have been applied to represent the

mechanics of chemical compaction [Dewers and Hajash,
1995; Gundersen et al., 2002; He et al., 2003; Lehner,
1995; Renard et al., 1997; Revil, 2001; Yasuhara et al.,
2003]. Gundersen et al. [2002] presented a fully mechanis-
tic model with implicit coupling between dissolution, dif-
fusion, and precipitation. Yasuhara et al. [2003] introduced
an approach for the implicit coupling of a larger linear
equation system which did not require an iterative solution
but was able to solve for the compaction of a single grain-
grain assemblage and by inference relate this to reservoir
diagenesis. Other models have extended this to include
feedbacks of pore fluid concentration on the compaction
process [Taron and Elsworth, 2010] and to allow the arrest
of compaction depending on the elevated concentration
within the pore fluids. However, the coupling in each of
these models is unidirectional and reflects only the effect of
the mechanical loading on chemical compaction; there is no
reverse feedback from the effects of chemical creep on the
mechanical behavior of the granular aggregate. Chemical
compaction induced by mechanical loading with the result-
ing saturation of the pore fluids in the granular system may
result in the loss of porosity and permeability and will also
affect properties such as density and cohesive and frictional
strength of the granular material. In this work we examine
the effect of heterogeneous mixtures of particles to deter-
mine the influence of grain size distribution on rates of
compaction and permeability evolution using a model that
accommodates the arrest of compaction by oversaturated
fluids [Taron and Elsworth, 2010] and therefore accom-
modates the role of fluid fluxes in the diagenesis of reser-
voirs and faults. The approach of Yasuhara et al. [2003] and
Taron and Elsworth [2010] is followed and a fully coupled
granular mechanics model is developed to accommodate
heterogeneous distributions of particles where the evolution
of permeability and porosity may be followed during
mechanical and chemical compaction.

2. Chemical Model

[5] Mechanically mediated chemical compaction occurs
as contact stresses elevate the chemical potential of the solid
in the presence of water. This elevated potential favors dis-
solution into the water film, diffusion along the grain contact

and potentially reprecipitation as the mineral mass is ejected
into the pore fluid. This behavior may be represented (see
Figure 1) by the three processes of (1) dissolution at the
stressed interfaces of grain-to-grain contacts, (2) diffusive
transport of dissolved matter from the interface to the pore
space and, finally, (3) reprecipitation at the wall of the pore
space [Revil, 2001; Shimizu, 1995]. The process is driven by
differences in effective normal stress; hence the normal
component of solid chemical potential Dm between grain
contacts and free pore walls [Heidug, 1995; Lehner, 1995;
Paterson, 1973] is defined as

Dm ¼ saVm þDf � Us; ð1Þ

where Vm is the molar volume, Df is the molar Helmholtz
free energy and Us is the surface energy term.
[6] With the driving force for pressure solution repre-

sented by the chemical potential difference in equation (1)
dissolution at the grain-grain contacts will first occur
which will provide a source of mass transported by the later
processes of diffusion and reprecipitation. The rate of com-
paction is influenced both by the absolute rate of mass dif-
fusion along this interface and by the lengthening of the
diffusion path as the grains interpenetrate and the contact
area grows. The strain rate at the grain boundary may be
defined as [Raj, 1982; Revil, 1999]

_ɛdiss ¼ 3Vmkþ
RTd

ð�DmÞ; ð2Þ

where _ɛdiss is the strain rate, k+ is the dissolution rate con-
stant of quartz, which can be obtained by experimental
results, R is the gas constant, T is the temperature of the
system and d is the grain diameter. When the disjoining
pressure sa in equation (1) reaches the critical stress sc, the
system will reach a state of equilibrium.
[7] For the condition representing uniaxial compression

for two particles inline, the disjoining pressure, sa, is subject
to nonhydrostatic stress. With the assumption that the stress
applied at the contact area does not vary with the location of
the interface, disjoining pressure, sa, can be given by

sa ¼ seff

φ
; ð3Þ

where seff is the effective stress, defined as the average stress
acting on the interface between the grains in excess of the
pore pressure, and φ(0 < φ < 1) is the ratio of contact area
to the maximum cross-sectional area which is the area of
great circle of small particle in each contact normal to the
applied stress.
[8] The critical stress sc, is defined as [Revil, 1999]

sc ¼ Emð1� T=TmÞ
4Vm

; ð4Þ

where Em and Tm are the heat and temperature of fusion,
respectively (for quartz, Em = 8.57 kJ mol�1, Tm = 1883 K).
Using the critical stress, the chemical potential difference of
equation (1) can be expressed as

�Dm ≈ ðsa � scÞVm: ð5Þ
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If we substitute the chemical potential into the relation
defining dissolution strain (equation (5) into equation (2)),
the dissolution rate is given by

_ɛdiss ¼ 3V 2
mkþ

RTd
ðsa � scÞ: ð6Þ

The transport of the mineral mass enables the particle sur-
face contraction velocity _U ch (induced by chemical com-
paction) to be evaluated from the creep strain as

_U
ch ¼ _ɛdiss � d; ð7Þ

where d is the separation between the centers of two con-
tacting spheres and the product of _Uch �Dt is used to define
the incremental deformation of adjacent particles at that
contact. Here Dt is the time step for chemical compaction.
This information is passed to the mechanical computation
in the granular mechanics model as a new increment of
deformation due to chemical compaction effects. This is
accommodated as the new position of each particle and
a new relation in the development of overlap at each con-
tact to enable the updating of contact forces based on
Newton’s law of motion and the spring constant applied
between particles.
[9] The mass redistribution induced by the process of

dissolution can be described by the dissolution mass flux,
dMdiss/dt, which is related to the (grain interpenetration)

strain rate. In one dimension the strain rate can be approxi-
mated as

_ɛdiss ≈
1

d

Dd

Dt
; ð8Þ

where d is grain diameter. By using the dissolution mass
flux, dMdiss/dt, Dd/Dt can be expressed as

Dd

Dt
≈
dMdiss

dt

1

rg

1

ðp=4Þd2c
; ð9Þ

where rg is the grain density (2560 kg m
�3 for quartz) and dc

is the diameter of grain-to-grain contact. Substituting
equations (6) and (8) into (9), the dissolution mass flux,
dMdiss/dt, is given by

dMdiss

dt
¼ 3pVmðsa � scÞkþrgd2c

4RT
: ð10Þ

After dissolution has been induced the dissolved mass is
transported from high concentration to low concentration
along the water film at the interface of the grain-grain con-
tact via diffusion. On the basis of the steady form of Fick’s
first law the diffusive mass flux dMdiff /dt may be evaluated
from equation (11) as

dMdiff

dt
¼ 2pwDb

lnðdc=2aÞ ðC int � CporeÞ ð11Þ

Figure 1. Schematic of pressure solution for (a and b) macroscopic aggregate and microscopic twin
contacting grains. At the contacts the mineral dissolves owing to high localized stresses and dissolved
mass diffuses from the interface into the pore space. Finally, precipitation occurs at the free faces of
the pore walls, resulting in (c and d) the porosity (and related permeability) reduction [see Yasuhara
et al., 2003]. (e) The mass precipitated on the free pore wall from the mass removed by dissolution
makes each particle radius growth isotropically.
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where Db is the diffusion coefficient, w is the thickness of
the water film at the interface of the grain-grain contact,
(Cint)x = a and (Cpore)x = dc/2 are concentrations at the center
of the interface between grains and at the external contour of
that interface, respectively, and a is a small number relative
to the grain diameter dc. This defines the rate of mass dif-
fusion along the evolving interface between grains.
[10] The third mechanism of transport is that of either

dissolution or of reprecipitation. The dissolved mass trans-
ported along the grain-grain contacts that diffuses from the
intergranular contact into the pore space is available to pre-
cipitate on the exposed pore wall. Precipitation can be
described by the rate of precipitation dMpre/dt

dMpre

dt
¼ Vp

A

M
k�ðCpore � Ch

eqÞ ð12Þ

where A is the relative interfacial area between the solid
and aqueous phases and M is the relative mass of water in
the system, Ceq

h is the mass concentration at equilibrium in
the hydrostatic state, Vp is the volume of the pore space,
and k_ is the precipitation rate constant of the mineral, in this
case quartz.
[11] An algorithm that accommodates these three serial

mechanisms of dissolution, diffusion then reprecipitation is
implemented at individual grain-grain contacts in the gran-
ular mechanics model. Two hemispheres representing each
grain-grain contact are represented as a single element (see
Figure 1). At the beginning of the calculation the concen-
tration of the mineral in the interface (this is initially a point
contact) and the pore are set to be identical. Once stressed,
mass transport by the three serial processes of dissolution,
diffusion and reprecipitation are calculated simultaneously
by equations (6), (11), and (12) in each time step Dt. This
mass transport will induce changes in the concentration at
the interface of the grain-grain contact and pore fluid. This
concentration is updated at the end of the each time step Dt
as [Yasuhara et al., 2003]

C int

Cpor

� �
tþDt

¼ D1 þ Vp=4Dt �D1

�D1 D1 þ D2 þ Vp=2Dt

� ��1

⋅
dMdiss=dt

D2Ch
eq

( )
þ 1

4Dt

Vp 0

0 2Vp

� �
C int

Cpor

� �
t

" #

ð13Þ

where

D1 ¼ 2pwDb

lnðdc=2aÞ ; D2 ¼ Vp
A

M
k�: ð14Þ

The cycling of this process is shown in the flowchart of
Figure 2.This algorithm defines the evolution of dissolved
mass concentrations at the contacts but requires knowledge
of mechanical stresses from the contact algorithm for the
deformation behavior. In this analysis the effective stress
evaluated at the grain contacts is compared against the crit-
ical stress to determine if the process will arrest. In addition
the aqueous concentration at the interface between each
grain-grain contact is compared against the solubility of the
aqueous mineral in the state of nonhydrostatic stress Ceq

s [see
Taron and Elsworth, 2010, equation (5)]. Pressure solution

creep (described above) is allowed to continue (the PSC
model in Figure 2) only if the effective stress is larger than
the critical stress and the concentration at the interface is
greater than Ceq

s . Otherwise the process of dissolution in the
interface of the grain-grain contact will cease.
[12] The change in size of each particle is also evaluated as

a result of the dissolved mass reprecipitated onto the surface
of an individual grain (see Figure 1e). Each target particle i,
is surrounded by several pores and contacts. For each con-
tact, a part of the mineral mass transported into the pore
within the fluid reprecipitates on the free surface of the pore.
For each particle, mass only precipitates on the free surface
in contact with the pore. However, for the model the indi-
vidual particles must remain circular. We solve this dichot-
omy by allowing the particles to grow isotropically by the
amount that would deposit on the open pore surface
(excluding the contact) and extend this circular contour over
the contact. This fictitious contact is overclosed within the
contact and is accommodated. This allows the particle to
grow at the correct rate on the pore wall with a fictitious
overlap at the contact that is corrected for this excess inter-
penetration. This is calculated at the end of each chemical
cycling time step. For the specific contact between target
grain i and pore j which is one of pores around i, the mass
reprecipitated onto particle i is evaluated as

DMi ¼ Vp
A

M
k�ðCpore � Ch

eqÞ �Dtch � Ai

Aij
ð15Þ

where DMi is the mass reprecipitated on particle i, and Ai is
the area of the pore wall of particle i and Aij is the total
tributary pore wall area present at the contact of particles i
and j. Assuming there are n pores around particle i, therefore
the total mass Mi

T on the particle is given as

MT
i ¼

Xn
h¼1

DMih ð16Þ

and particle i grows by radius Dr in one time step as

Dr ¼ MT
i

r
1P
Ai

ð17Þ

where r is the density of the material and SAi is the total free
surface of target particle i in the pore space.

3. Mechanical Model

[13] The coupling between the mechanical and chemical
behaviors is completed through the iterative solution of
Newton’s second law in a standard fashion within the
granular mechanics algorithm (PFC2D). An appropriate
constitutive model [Goodman, 1980] must include both the
nonreactive mechanical behavior supplemented by the
behavior induced by chemical compaction. A parallel-bond
model is chosen to represent the effect of cementation
between contacting particles.

3.1. Parallel-Bond Particle Model

[14] The parallel-bond model relates the constitutive
behavior of a finite-sized piece of cementitious material
deposited between two particles. The two particles are
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envisioned as either spheres or cylinders in the parallel-bond
logic. These bonds construct an elastic interaction relation-
ship between particles that works together with slip models.
The parallel-bond model simulates the effects of chemical
bonding by adding a tension contact with a defined stiffness
and resistance to bending on the axis of the particles but
allows slip between them. For specific particle i, which has a
contact with particle j, the elastic force increments occurring
over each mechanical time step of Dtm are calculated by

D�Fn
ij ¼ ð��k

n
ADUijÞnij

D�Fs
ij ¼ ��k

s
ADUs

ij

ð18Þ

where �k n and �k s are the stiffness in the normal and shear
direction of the material, respectively, A is the area of the
bond cross section; and DUij = Vij � Dtm, Vi is the relative
velocity of particle i to particle j. This is an efficient way to
use the parallel-bond model to represent the mechanical
behavior of the granular material after chemical compaction,
especially to determine how the stiffness and strength of the
material grows after chemical creep.

3.2. Constitutive Model

[15] A new constitutive model is added to accommodate
the behaviors induced by chemical compaction. This allows
the logic of the granular mechanics algorithm to function

with an applied user-defined contact model (UDM) [Itasca
Consulting Group, Inc., 2007]. This directly adjusts the
contact stiffness and calculates the appropriate contact forces
according to relative particle displacements or the contact
forces calculated from the last time step. In this manner
complex model behaviors may be represented intrinsically
within the logic and execution times are significantly faster
than if external algorithms are linked to complete this task.
The calculation cycle both with and without the UDM is
shown in Figure 3. The common feature between them is
that both involve a cycle of a law of motion and force dis-
placement law, and the force displacement laws provide
contact forces such as those representing normal, shear and
frictional resistances. However, the functions of the different
force displacement laws are the same. The general structure
of a dynamic link library file that constructs a UDM is
shown in Figure 4.
[16] In this work, the new constitutive model comprises

two parts. The first part represents the mechanical loading
with a linear stiffness (shown in Figure 5 as the segment
OA) that obeys Hooke’s Law with K as the Young’s Mod-
ulus [Goodman, 1980]. The incremental overlap between
particles induced by the mechanical loading is set as Um and
the contact force is updated on the basis of equation (18).
[17] The second part represents the chemical compaction

process with a constant contact force similar to plastic
deformation with no change in stress (as shown by the seg-
ment AB in Figure 5). In this part the individual velocity is
calculated from equation (19) and the new increment of
overlap indicated by Uch is calculated in each chemical time

Figure 3. Contact model for the cycling in PFC2D accom-
modating the constitutive model. New constitutive model
shown in Figure 3b is implemented in the part of force dis-
placement law of PFC. The cycling starts from the known
particles or walls positions of each contact, and then the
force displacement law is applied to update the contact
forces. Finally, the law of motion is applied to each particle
to update velocity and forces.

Figure 2. Flowchart of PFC2D showing the algorithm for
the chemical scheme. The PSC model is triggered when
the critical stress is less than the effective stress and concen-
tration in the interface at the contact is less than the concen-
tration at the stressed point.
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stepDt. This increment of overlap has no contribution to the
contact force as it is used merely to update the new position
of the each particle in the Cartesian directions as

xitþDt ¼ xit þ U ch⋅nx

yitþDt ¼ yit þ U ch⋅ny
ð19Þ

The new position of each particle is used to update the new
contact force to be used in Newton’s second law of motion
to update the other variables of velocity, displacement and
force. A dashpot element is used to represent the chemical
behavior induced by the process of dissolution. We assume
that the contact model contains a spring with constant stiff-
ness K, and a dashpot with variable viscosity D [Itasca
Consulting Group, Inc., 2007; Singh, 1973a, 1973b;
Stephanson, 1985] (see Figure 3b).
[18] In the normal direction of this model, the displace-

ment and force law are as follows

f ¼ � KuK ; f ¼ �D _uD

_f ¼ � K _uK ; _f ¼ �D€uD

€f ¼ � K€uK

ð20Þ

where K is the stiffness of the spring, D is the stiffness of
dashpot, f is the force acting on spring and dashpot, uK is the
displacement of the spring and uD is the displacement of
dashpot. The resulting displacement and its first derivative
relations are

u ¼ uK þ uD

_u ¼ _uK þ _uD
ð21Þ

Substituting equation (20) into equation (21) yields

_u ¼ �
_f

K
� f

D
ð22Þ

By using a central difference approximation of the finite
difference scheme and taking the average value for f,

utþ1 � ut

Dt
¼ � f tþ1 � f t

KDt
� f tþ1 þ f t

2D
: ð23Þ

Therefore, the constitutive equation in the form of the central
difference approximation is given as

f tþ1 ¼ �1=
1

K
þ Dt

2D

� �
utþ1 � ut∓ � 1

K
þ Dt

2D

� �
f t

� �
: ð24Þ

Here K is a constant based on the contact stiffness between
particles and D is a variable based on the behavior at the
contact and related to temperature and particle size. The
most important attribute of D is that it will change with
effective stress and critical stress at each contact with every
step. This parameter is derived from the compaction mech-
anism and is evaluated as

D ¼ f = _U
ch ð25Þ

The overall cycling within the coupling model first repre-
sents mechanical compaction over the short mechanical time
Dtm to calculate the mechanical force balance and then
applies chemical compaction to the system on a different
time step Dt (see Figure 2) until the chemical strains are
equilibrated. As noted previously the contact force and

Figure 5. Constitutive model of the deformation force
response at particle-particle contacts for both mechanical
and chemical interactions. Along segment OA (the contact
force is proportional to the overlap following Hooke’s law
and for the portion involving chemical strains AB) the dis-
placement depends on the chemical gradient, not contact force.

Figure 4. Flowchart for the interaction of both mechanical
and chemical influences within the user-defined model
(UDM). UDM is implemented in C++, allowing for the
changing of properties of each contact and for the addition
of new relationships of force and displacement defined by
the user.
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velocity is the link between the chemical and mechanical
models. The dashpot element is used to match the constitu-
tive requirement induced by the chemical creep behavior.
This procedure continues until either the stress at each con-
tact reaches the critical stress or the concentration of the
mineral in the fluid in the grain-grain contact and pore space
reach an equilibrium concentration. This iterative process is
implemented within the user-defined model.

3.3. Permeability

[19] We use this model to explore the evolution of per-
meability in aggregates where chemical–mechanical effects
are coupled. This requires that mechanistically consistent
rules are applied to determine permeability from the evolu-
tion of porosity and the form of bonding at grain-grain
contacts. A capillary model is used to represent the form of
the fluid transport path around the deforming and inter-
penetrating particles [Bear, 1972]. In this representation
permeability may be related to mean capillary diameter
[Scheidegger, 1960], d, as

k ¼ nd2

96
ð26Þ

where n is porosity. Also the relationship between the cap-
illary diameter and the volume of the pore space can be
expressed as

Vvoid ¼ p
4
d2d0 ð27Þ

where we also assume the diameters of capillaries are the
same in each domain. Substituting equation (27) into
equation (26) and rearranging yields the permeability as

k ¼ nVvoid

24pd0
ð28Þ

where d0 is the length between the centers of particles at each
contact before deformation and resulting interpenetration.

This is the local permeability but the ensemble permeability
depends not only on pore characteristics (n and d), but also
on pore connectivity. For each local permeability calculation,
the connectivity is related to the void sectional area (Av) in
the direction which is perpendicular to the direction of fluid
flow. If Av = 0, then k = 0. Otherwise, equation (28) is used to
calculated local permeability.

4. Numerical Model and Results

[20] We use this model to explore the evolution of com-
paction in homogeneous and heterogeneous granular
assemblages and to determine the evolution of permeability
and porosity in these systems. The model was validated by
comparison of the evolution of permeability and porosity
with that for twin particles [Yasuhara et al., 2003]. We use
granular packs with alternately a Gaussian distribution of
initial particle sizes, a linear distribution of particle sizes as
noted in Figure 6 and an alternative bimodal model. These
granular packs range in the size of the smallest and largest
particle sizes to represent either uniform distributions (when
the range is low) or heterogeneous distributions (where the
range is high).

4.1. Validation

[21] Comparison of the porosity reduction rate (φ/φ0) of
this work with that recovered from experiments [Niemeijer
et al., 2002] is shown in Figure 6. Two specific experi-
ments are chosen (cpf 3 and cpf 7), each conducted at an
effective pressure Pe = 100 MPa, and final size of particles
df = 45 mm. The model and experimental analyses are in
general agreement but with some minor differences. The
porosity reduction rate for the numerical model drops more
slowly than the experiment, and the final porosity is also
smaller than that in the experiment. This may reflect the
difference in the experimental and model conditions, where
the grain size distribution for the experiment is more uniform
that that of the model. Another validation is that shown
in Figure 7 which is the comparison of 2D heterogeneous

Figure 6. Comparison of the porosity evolution for the
model with the chemical compaction experiments of
Niemeijer et al. [2002]. Lines with symbols are the experi-
mental results. Solid lines are the results from this work with
the conditions of applied stress Pe = 100 MPa, and grain
diameter df = 45 mm.

Figure 7. Comparison of porosity evolution during chem-
ical and mechanical compaction with seff = 69.9 MPa and
T = at 150°C at the open system. The new DEM model is
much more accurate; compare with the model of Yasuhara
et al. [2003] at the early stage of the compaction.
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granular model with experiment and two particles model
developed by Yasuhara. It shows that the heterogeneous is
much more efficient to represent the porosity loss with
chemical compaction. To set the same initial porosity for the
model, we must to modify the grain size distribution to meet
these starting conditions (see Figure 8). This may reflect the
reality that some creep/particle interpenetration has already
begun in the experiment, even at the starting conditions. The
presence of finer particles in the model may result in the
more rapid compaction that is observed in the model relative
to the experiment.
[22] Validation has also been completed using the 3-D

model which is shown in Figure 9. Compaction experiments
have been completed on this aggregate samples of mean grain
diameter 180–250 mm at 150°C [Elias and Hajash, 1992].
A cross section through the sample shows that before loading

the porosity is �40%. With the application of a mechanical
load of 30 MPa, the porosity drops to �35%. Increasing this
mechanical load to an effective stress of seff = 69.9 MPa
results in a loss in porosity as a result of the triggered chem-
ical and mechanical compaction shown in Figure 10. In the
early stages of compaction the new DEM model is much
more accurate compared with the result from the model of
Yasuhara et al. [2003]. In the first 10 days of the experiment
the porosity drops quickly and the model is able to better
follow the experimental results, compared to the simple two-
grain model. In the representation of this behavior the lateral
movement of particles makes a significant contribution to the
loss of porosity.

4.2. Models

[23] The models listed in Tables 1 and 2 were assembled
and executed in the granular mechanics algorithm described
previously. Three different distributions were adopted and
the corresponding models are of uniform grain diameter,
with a particle size of 180 mm and a bimodal model which
includes two different particle sizes (180 and 100 mm). The
number of the particles in the sample is prescribed by the
volume ratio; see Table 2. Finally, a model most closely
representing real materials is used in which particle size
follows a Gaussian distribution [Van Bramer, 2007] with the
mean and standard deviation defined as

u ¼ ðrhi þ rloÞ=2

q ¼ ðrhi � rloÞ=2
ð29Þ

where the u is the mean value and q is the standard deviation.
Also, rhi and rlo are the radius of the largest particle and the
smallest particle, respectively. Figure 8 shows the particle
frequency distribution of this Gaussian assemblage repre-
senting a real material with the initial porosity set to the
uniform value of 16%.

Figure 8. Particle size distribution for homogeneous
(model 1, 160–200) and heterogeneous models of different
gradations (model 2, 160–320; model 4, 160–640). Fre-
quency distribution conforms to a Gaussian distribution with
some particle radii adjusted to fit an initial porosity of 16%.

Figure 9. Evolution of the porosity with time for differ-
ent grain size distributions from homogeneous (model 1,
160–200) to heterogeneous (model 3, 160–480). The mod-
els are run under mechanical loads of 20 MPa at a temper-
ature of 300°C.

Table 1. Model With Different Particle Radii Ranges

Particle Size (mm) Initial Porosity

Uniform Distribution
180 0.1–0.3
350 0.1–0.3

Gaussian Distribution
160–350 0.1–0.3
160–200 0.1–0.3

Bimodal Distribution
100/180 0.1–0.3
100/300 0.1–0.3

Table 2. Bimodal Model With Different Particle
Radii Ranges

100 mm (%) 180 mm (%)

20 80
30 70
40 60
50 50
60 40
70 30
80 20
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4.3. Loading

[24] The evolution of porosity is followed using the pre-
viously defined procedure to represent chemical compaction.
Figure 9 compares the evolution of porosity under identical
loading conditions (see model B in Table 3) for the grain
size distributions of uniform (160–200 mm) grain size and
those with maximum grain sizes two (320 mm2) and three
(480 mm) times the minimum grain size. The three asymp-
totes show the same trend, that the porosity reduces with the
progress of chemical compaction. The narrowest gradation
sample (160–200 mm) also has the smallest grain size
diameter with the result that compaction is fastest for this
sample. As the grain size of the sample becomes larger the
rate of compaction reduces, as observed by others [Niemeijer
et al., 2010]. The reduction in porosity is also largest for the
smallest grain size. In other words, the small particles will
dominate the process of the dissolution-mediated chemical
compaction in this granular system. The reason is that the
overlap of each contact is a linear function of the contact
force. When a particle is small, with the same mechanical
load, the overlap will be same, but the contact area of small
particles will be smaller than that in contact of large parti-
cles, which means the stress on the contact area is larger
when in contact with small particles. With the larger stress,
the creep rate of chemical compaction is greater.
[25] A numerical test was competed to illustrate that the

presence of small particles within granular aggregates dom-
inate compaction rate in chemomechanical compaction.
Figure 10a is a uniform model with particles at 180 mm.
Figures 10b, 10c, and 10d are three heterogeneous models
which includes two different size of particles, the smaller
particles are 100 mm and the bigger particles are 180 mm and
the number of particles in these three model are controlled

by the volume ratio. The results are shown in Figure 11.
With the same initial porosity at 15%, and same mechanical
loading and environmental conditions, the bimodal distribu-
tion shows that increasing the proportion of smaller particles

Table 3. Loading Applied on the Top Particles of Each Model

Model

A B C D E

Force (N) 100 200 300 390 500
Stress (MPa) 10 20 30 39 50

Figure 10. Two-dimensional model of granular aggregates. (a) Uniform model with the same-size
particles (180 mm). (b–d) Models with two different particles; see Table 2. The ratios of particle
volume are 9:1, 7:3, and 5:5.

Figure 11. Comparison of (top) porosity and (bottom)
permeability evolution during chemomechanical compac-
tion in the uniform model and bimodals which have differ-
ent volume ratios of big particles to small particles.
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increases the compaction rate and results in a faster and
greater loss in both porosity and average permeability. Fur-
ther insight into the role of particle size on the evolution of
pressure solution is shown for systems modeled with three
different uniform grain sizes of 120, 150, and 180 mm
(Figure 12). The models were run with the same loading of
30 MPa and at room temperature of 20°C with the same
initial porosity. It is clear from Figure 12 that at the same
magnitudes of volume strain, the smaller grain size, the
larger strain rate, further certifying that the smaller particles
dominate the compaction process.
[26] Temperature also exerts an important effect on the

compaction of aggregates [Yasuhara et al., 2003]. When
temperature is increased and with all other conditions held
constant an increase in temperature both accelerates com-
paction and increases the ultimate loss of porosity (Figure 13).
This shows the evolution of porosity for a moderately het-
erogeneous aggregate (160–320 mm) where the equilibrium

porosity is 14.5% for T = 20°C and reduces to 11.5% at T =
300°C. It is clear that the higher the temperature, the greater
the loss in porosity and the faster the rate of dissolution in this
granular aggregate. The critical stress that controls the ulti-
mate magnitude of chemical compaction is a function of
absolute temperature; the higher the temperature, the lower
the critical stress. Equation (6) indicates that the compaction
rate correlates negatively against the critical stress in this
dissolution-mediated system with the same mechanical load-
ing. Also it is clear from Figure 13 that the rate of porosity
loss is larger at higher temperatures.
[27] Finally, for a Gaussian model representing a real

system in long-term compaction, an analysis was executed at
different mechanical loading with particle sizes from 160 to
350 mm. Strain in the loading direction and average perme-
ability in the model are compared in Figure 14. Strain and
permeability evolve with chemomechanical compaction in
the open system; permeability decreases as compactive
strain increases. This corresponds to other experimental
observation and numerical calculations [Niemeijer et al.,
2002; Yasuhara et al., 2003].

4.4. Permeability Numerical Experiment

[28] Permeability evolution is related to porosity evolution
with dominant overprinted controls of grain size and pore
diameter, their evolution in time and their connectedness. In

Figure 12. Strain rate of chemical compaction with the cer-
tain volume strain in uniform models which have particle
sizes of 120, 150, and 180 mm. The smaller the grain size,
the greater the volume strain rate at the constant volume
strain shown.

Figure 13. Influence of temperature on porosity evolution
for a heterogeneous granular pack with grain sizes in the
range of 160 to 480 mm (model 3). Models are under a load
of 20 MPa.

Figure 14. Evolution of the (top) vertical strain and (bottom)
permeability in different effective stress at the open system
with the model of Gaussian distribution (160–350 mm).
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our model, on the basis of the particle-particle contact
shape, local permeability is calculated from equation (28).
Figure 15c shows the heterogeneous local permeability of
each flow path distributed within the sample. In this, local
permeability is only a partial indicator of the global evolu-
tion of permeability during chemical compaction and the
mathematic mean of local permeability which is called
average permeability can be traced in granular model to
show the trend of permeability during compaction. And it is
this global permeability that is desired because of its
importance on fluid, mass, and energy transport. We follow
this behavior by conducting a numerical flow-through
experiment representing Darcy flow to calculate the global
permeability at certain stages during chemical compaction.
Figures 15a and 15b are the fluid domain and fluid network
for the flow-through experiment. With the relation of the
direction of fluid flow through the model and the direction of
mechanical loading, we have Darcy test 1 which fluid flow
direction is perpendicular to mechanical loading, and Darcy
test 2 which fluid flow direction is parallel to mechanical
loading. Permeability from these two tests was called per-
pendicular permeability or series permeability and parallel
permeability. The fluid heads were set to 1 and 0 MPa, with
the other two side boundaries to no flow. We represent the
cumulative flow rate from the system using Darcy’s law, as

k ¼ �Q

A

Lm
DP

ð30Þ

where Q is the total fluid flow rate out of the system, A is the
macroscopic cross-sectional area, L is the length of the
sample, m is the fluid viscosity and DP is the pressure dif-
ference across the sample. We examine the evolution of
permeability when flow is aligned both parallel and per-
pendicular to the direction of mechanical loading (compac-
tion) (see Figure 16).

[29] During chemical compaction, the permeability
decreases with time (see Figure 16, solid line). The average
permeability based on the local permeability is calculated at
the same sampling times of the numerical flow-through
experiment as

kav ¼ ∑klocal
nf

ð31Þ

where kav is the average permeability, klocal is local perme-
ability and nf is the number of active flow paths. The result

Figure 15. Fluid network and fluid boundary conditions in the model for a numerical experiment of
flow. (a) Fluid domain (each triangle element is one fluid domain; thick black line) and flow network
(formed by flow path; thin black line connecting the two adjacent fluid domains). (b) Darcy flow model
boundary, where (left) pl = 1 MPa and (right) pr = 0 MPa. The solid black dots show the boundary fluid
domain with fixed pressures. (c) Local permeability in the model. Large to small circles indicate perme-
ability on the order of 1 darcy to 20 mdarcy.

Figure 16. Comparison of the Anthem permeability which
is parallel to mechanical loading, average permeability
which is mean of the local permeability calculated in the
model on the basis of the shape of fluid path in each local
contact, and series permeability which is perpendicular to
mechanical loading of granular aggregates at the loading of
39 MPa.
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of this calculation is also shown in Figure 15c. The average
permeability is always greater than the global permeability
during chemical compaction and before peak loading.
Before failure, in any fluid flow path which traverses the
sample, the narrowest section with the smallest local per-
meability will control the flow behavior.
[30] This numerical flow-through experiment shows that

the average permeability is not the true macroscopic per-
meability of the heterogeneous granular aggregate. The
magnitude of the porosity, the connection of each pore and
even hydraulic loading affects the macroscopic permeability
which is a tensor. On the basis of this experiment we observe
that the permeability measured parallel to the direction of the
applied stress is larger than the average permeability which
is the mean value of the local permeability. The permeability
measured in the direction perpendicular the applied stress
(series permeability) is the smallest. With the chemo-
mechanical compaction, the particles move laterally which
reduces the pore volume and decreases the connection in the
horizontal direction with vertical loading. The evolution of
average permeability is bounded by the lower permeability
perpendicular to the loading and higher permeability parallel
to the loading.

4.5. Three-Dimensional Model

[31] The difference in vertical and horizontal permeability
also can be rigorously illustrated with the 3-D model shown
in Figures 17a–17c, which are the cross-sectional snapshots
of the sample during compaction. Figures 17a–17c show the
particle assemblage becoming increasingly more dense with
compaction where the porosity before loading of �35%
decreases to �15% at the end of chemical compaction. From
these cross-sectional snapshots we also observe that with
compaction the particles translate laterally and move closer
to fill the pore space and block the fluid flow pathways in
the horizontal direction, and pores still connected in the
vertical direction.
[32] A comparison of the 2-D and 3-D models for porosity

evolution with same loading condition (seff = 39 MPa)

during compaction is shown in Figure 18. The porosity loss
is faster in the same time period in the 3-D model than in the
2-D model for chemomechanical compaction. The increase
in the number of translational degrees of freedom in the
system is the reason for this difference. The potential modes
of compaction are increased in the 3-D model owing to the
lack of constrain in the plane direction. As a result the stress
intensity decreases in the aggregate as a result of the par-
ticulate aggregate becoming more uniform. As a result of
this compaction the mechanical strength of the aggregate
will increase and will be discussed in later work.

5. Conclusion

[33] A coupled chemical-mechanical model is used to rep-
resent the compaction of a granular system. This is achieved

Figure 17. Three-dimensional model with the particles in the range of (180–250 mm); the radius is 2 mm
and height is 4 mm. (a–c) Snapshots of particles distribution in the 3-D model during chemomechanical
compaction. The porosity of each is marked by the horizontal middle section; they are 39.7%, 23.4%,
and 14.9%.

Figure 18. Comparison of the evolution of porosity in 2-D
and 3-D granular models that were set the same initial poros-
ity and loading condition. Because of the increase of freedom
in lateral direction, the porosity decreased faster and more in
the 3-D model compared with the 2-D model.

ZHENG AND ELSWORTH: EVOLUTION OF PERMEABILITY B03206B03206

12 of 15



by developing and implementing a new model to represent
the granular mechanisms that represent stress-mediated
chemical compaction. This model accommodates a coupled
algorithm to represent pressure solution creep accommo-
dated as the three serial processes of dissolution, diffusion
and reprecipitation. Bead packs with different particle size
gradations were used to explore the role of heterogeneity
including those with uniform and Gaussian distributions,
each with a common porosity of �16%, bimodal with par-
ticles either 100 or 180 mm. All the porosity and permeability
evolution asymptotes showed that the small particles in the
system will dominate this dissolution-mediated compaction
process. The comparison of uniform model with bimodal
with different volume ratio of particles illustrated this rigor-
ously. As the proportion of small particles increases the loss
in porosity is also increased. For nonisothermal systems,
temperature is shown to have a significant influence on the
rate of chemical compaction; higher temperatures result in
faster rates of compaction and greater magnitudes of com-
paction. This results from the Arrhenius dependency of dif-
fusion coefficient and critical stress on temperature. It is
verified by the comparison of the porosity rate evolution of
this work with that from the experiment result of Niemeijer
et al. [2002].
[34] Evolution of permeability shows the same trend to

that of porosity especially the local permeability which is a
partial function of the porosity based on equation (26). But
for the macroscopic permeability in heterogeneous aggre-
gates, which is a tensor, it is much more complicated. Some
factors such as loading rate and the condition of connection
of each adjacent pore domain exert a significant influence on
the global permeability. Numerical flow-through experi-
ments show the evolution of average permeability and fol-
low the changing trend of macroscopic permeability. Also
the permeability in the direction parallel to the applied stress
is greater than the average permeability which in turn is
greater than the permeability in the direction perpendicular
to the applied stress. The 3-D model illustrates this and in
comparison with the 2-D model shows that increased
degrees of displacement freedom of particles also increases
the compaction rate.
[35] Finally, the coupling due to the effects of feedback

of the chemical compaction on the mechanical behavior
makes the granular system more uniform, more compact,

and ultimately stiffer and stronger which will have additional
impacts on the evolution of permeability.

Appendix A: Particle Interpenetration Analysis

[36] In this work, the particle will overlap with the ones
that surround it. The situation of three particles overlapping
each other (see Figure A1) is common. Here the algorithm of
the area of common overlap of three circles is simply given
as followed. The input parameters are the three radii, ordered
so that r1 ≥ r2 ≥ r3, and the three separations of circle centers
d12, d13, d23, as illustrated in Figure A1. The steps required
to compute the area of the circular triangle are:
[37] Step 1: Check whether circles 1 and 2 intersect by

testing d12. If

r1 � r2 < d12 < r1 þ r2 ðA1Þ

is not satisfied, then there is no circular triangle and the
algorithm terminates.
[38] Step 2: Calculate the coordinates of the relevant

intersection point of circles 1 and 2 (see Figure A1):

x12 ¼ r21 � r22 þ d212
2d12

;

y12 ¼ 1

2d12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2d212ðr21 þ r22Þ � ðr21 � r22Þ2 � d412

q
: ðA2Þ

[39] Step 3: Calculate the values of the sines and cosines
of the angles q′ and q″:

cosq′ ¼ d212 þ d213 � d223
2d12d13

; sinq′ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cos2q′

p

cosq″ ¼ d212 þ d223 � d213
2d12d23

; sinq″ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� cos2q″

p
:

ðA3Þ

[40] Step 4: Check that circle 3 is placed so as to form a
circular triangle. The conditions

ðx12 � d13 cosq′Þ2 þ ðy12 � d13 sinq′Þ2 < r23

ðx12 � d13 cosq′Þ2 þ ðy12 þ d13 sinq′Þ2 > r23

ðA4Þ

Figure A1. Schematic showing the area (cross-hatched area) of common overlap of three circles, o1, o2,
and o3 (here the coordinate of p1, p2, and p3 are (x23, y23), (x12, y12), and (x13, y13)) used to evaluate
dissolved mass in the contact between particles.
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must both be satisfied. Otherwise, there is no circular trian-
gle and the algorithm terminates.
[41] Step 5: Calculate the values of the coordinates of the

relevant intersection points involving circle 3:

x′13 ¼
r21 � r23 þ d213

2d13
;

y′13 ¼
�1

2d12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2d13ðr21 þ r23Þ � ðr21 � r23Þ2 � d413

q
ðA5Þ

x13 ¼ x′13 cosq
′ � y′13 sinq

′; y13 ¼ x′13 sinq
′ þ y′13 cosq

′

x″23 ¼
r21 � r23 þ d223

2d23
; y″23 ¼

1

2d23

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2d23ðr22 þ r23Þ � ðr22 � r23Þ2 � d423

q :

ðA6Þ

[42] Step 6: Use the coordinates of the intersection points
to calculate the chord lengths c1, c2, c3:

c2k ¼ ðxik � xjkÞ2 þ ðyik � yjkÞ2: ðA7Þ

[43] Step 7: Check whether more than half of circle 3 is
included in the circular triangle, so as to choose the correct
expression for the area. That is, determine whether

d13 sinq′ < y13 þ y23 � y13
x13 � x13

ðd13 cosq′ � x13Þ ðA8Þ

is true or false. The area is given by

A ¼ 1

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðc1þ c2þ c3Þð�c1þ c2þ c3Þðc1 � c2þ c3Þðc1 þ c2 � c3Þ

p

þ
X3
k¼1

r2k arcsin
ck
2rk

� �
�
X2
k¼1

ck
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4r2k � c2k

q
þ

c3
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4r23 � c23

q
�c3
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4r23� c23

q :

8><
>:

ðA9Þ
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