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a b s t r a c t
Unstable frictional slip motions are investigated with a rate and state friction law across
the transitions from stable, quasi–static slip to dynamic, stick–slip motion, and ﬁnally to,
inertia dominated quasi–harmonic vibration. We use a novel numerical method to capture
the full dynamics and investigate the roles of inertial and quasistatic factors of the critical stiffness deﬁning the transition to instability, Kc . Our simulations conﬁrm theoretical
estimates of Kc , which is dependent on mass and velocity. Furthermore, we show that unstable slip motion has two distinct dynamic regimes with characteristic limit cycles: (i)
stick–slip motions in the quasi–static (slowly loaded) regime and (ii) quasi–harmonic oscillations in the dynamic (rapidly loaded) regime. Simulation results show that the regimes
are divided by the dynamic frictional instability coeﬃcient, η = MV2 /σ aDc and stiffness of
the system K. The quasi–static regime is governed by the ratio K/Kc and both the period
and magnitude of stick–slip cycles decrease with increasing loading rate. In the dynamic
regime, slip occurs in harmonic limit cycles, the frequency of which increases with loading
velocity to a limit set by the natural frequency of the system. Our results illuminate the
origin of the broad spectrum of slip behaviors observed for systems ranging from manufacturing equipment to automobiles and tectonic faults, with particular focus on the role
of elasto–frictional coupling in dictating the transition from slow slip to dynamic instability. We highlight distinct characteristics of friction–induced slip motions (stick–slip and
friction–induced vibration) and show that the dynamic frictional instability coeﬃcient (η)
is a key parameter that both deﬁnes the potential for instability and determines the dynamic characteristics of instability.
© 2018 Elsevier Ltd. All rights reserved.

1. Introduction
Friction plays a key role in the mechanical behavior of systems that involve slipping contacts. In many situations, the
transition from stable to unstable slip motion is of primary interest. When such systems are loaded slowly, frictional motion
often occurs as repeated episodes of quasi–stationary contact followed by rapid slip, which deﬁnes the classical ‘stick–slip’
instability (Bridgman, 1936, 1951; Rabinowicz, 1951, 1956; Singh, 1960; Shimamoto et al., 1980; Baumberger et al., 1994).
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When loading is more rapid, frictional motion often occurs as a high frequency quasi–harmonic oscillation (Brockley and
Ko, 1970), which is referred to as friction–induced vibration. The stick–slip instability has been analyzed intensely in earthquake science as it is directly analogous to natural earthquakes (Brace and Byerlee, 1966) as well as in slowly loaded mechanical systems (Kammer et al., 2014, 2015; Svetlizky et al., 2017). Friction induced vibration has also received much attention, because of its importance in engineering systems where it causes surface wear, damage and noise (Ibrahim, 1994).
However, the transition from stick–slip to frictional vibration has received less attention, despite its importance in engineered and natural systems.
The conditions for the stability transition from stable to unstable sliding with rate and state friction are presented by
Rice and Ruina (1983). They showed that stable sliding at a certain velocity can only be achieved when system stiffness
is larger than a critical value Kc . The parameter Kc represents a critical rate of frictional weakening with slip. Notably, Kc
depends not only on friction parameters, but also on dynamic variables, i.e., mass and velocity (Ruina, 1983; Rice and Ruina,
1983; Gu et al., 1984; Rice, 1993; Baumberger and Caroli, 2006; Ranjith and Rice, 1999; Rice et al., 2001; Perfettini and
Molinari, 2017). This analysis shows that a system can become signiﬁcantly unstable with increased mass and slip velocity,
indicating that dynamic (inertial) factors are key parameters controlling slip stability in the high velocity slip regime.
Modern constitutive laws for sliding recognize the importance of frictional slip rate and past states of the sliding surfaces.
These effects form the basis for the rate and state friction constitutive laws (Dieterich, 1979a, b; Runia, 1983; Rice and Ruina,
1983), which have been applied to a wide range of systems ranging from tectonic faults (Scholz, 2002; Luo and Ampuero,
2018; van den Ende et al., 2018) to nanoscale, atomic contacts (e.g., Tian et al., 2017). Rate and state friction (RSF) laws
successfully capture laboratory observations of macroscopic friction for a range of loading rates (Marone, 1998a; Baumberger
and Caroli, 2006). The laws were originally developed to describe frictional behavior in rock (Dieterich, 1979a; Ruina, 1983),
but later it was shown that they are applicable to wide variety of materials (Dieterich and Kilgore 1994, Heslot et al., 1994;
Baumberger and Caroli, 2006).
For frictional systems that are loaded slowly, both analytic and laboratory observations of stick–slip magnitude show a
strong inverse relationship with the logarithm of loading rate (i.e. magnitude decreases with increased velocity) (Gu and
Wong 1991; Karner and Marone, 20 0 0; Mair et al., 20 02; Beeler et al., 20 01, 2014; Scuderi et al., 2015). One may expect that
the magnitude of stick–slip will decrease continuously with increased velocity. However, this expectation is at odds with
the stability analysis of Rice and Ruina (1983), which predicts that slip will become unstable at high slip velocity. One may
assume a smooth transition from the quasi–static (low velocity) regime to the dynamic (high velocity) regime. However, the
dynamic regime for systems exhibiting rate and state friction has received relatively little attention (cf., Rice, 1993), with
few works focused on complete solutions that account for the transition from stable sliding to fully dynamic motion with
inertia.
Here, we use a novel numerical solution to address the full spectrum of slip modes for a system with rate and state friction and 1D elastic coupling (Im et al., 2017). We focus on numerical observations of dynamic friction behavior throughout
the transition from quasi–static to dynamic motion. We investigate frictional behaviors of (i) the stable to unstable transition induced by dynamic effects and (ii) dynamic characteristics of frictional slip throughout the transition from quasi–static
(slow loading) to dynamic loading.
2. Background summary
2.1. Rate and state friction law
In the framework of RSF, frictional resistance is dependent on slip velocity V and the history of sliding, which is characterized in terms of a state variable θ (Dieterich, 1979a; Ruina, 1983). The most widely used form is:

μ = μ0 + α In

V 
V0



+ b In

V0 θ
Dc



(1)

where μ0 is a reference friction coeﬃcient that corresponds to steady state friction at reference slip velocity V0 , Dc is a critical slip distance that characterizes the evolution of friction following a perturbation, and the non-dimensional parameters
a and b represent the magnitude of the direct change in friction following a change in slip velocity and the subsequent
evolution of friction.
The evolution of friction following a perturbation imposed during steady sliding is modulated by time via contact aging
processes and slip. Although a multitude of processes may affect friction evolution, two evolution laws have received the
most attention (Marone, 1998a). The Dieterich (or aging) law focuses on the evolution of state with time:

Vθ
dθ
=1−
dt
Dc

(2)

whereas the Ruina (or slip) law characterizes friction evolution strictly in terms of the sliding distance. For the Ruina law,
the rate of state evolution vanishes as velocity goes to zero:

Vθ
dθ
=−
ln
dt
Dc



Vθ
Dc



(3)
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Fig. 1. Friction response to an e-fold velocity step for a stiff (δ ≈ δ lp ) spring-slider system undergoing quasi–static (M = 0) motion. Results are shown for
both the Ruina (slip) and Dieterich (aging) state evolution laws. RSF parameters are: a = 0.003, b = 0.004, Dc = 10 μm, V0 = 30 μm/s and normalized stiffness
K/σ = 1 × 105 /m. Inset shows spring-slider system. Gravitational force is included in σ .

The two evolution laws behave similarly for small perturbations around steady state (θ ∼ Dc /V) but they diverge substantially when velocity is far from steady state (Ampuero and Rubin, 2008; Bhattacharya et al., 2015, 2017).
2.2. Elastic coupling
In a frictional system with one dimensional elastic interaction, the force balance governing motion is

Mδ̈

σ

=

K (δl p − δ )

σ

−μ

(4)

where M is mass per unit area (kg/m2 ), K is a stiffness expressed in units of shear stress (Pa/m), and σ is normal stress
(see Fig. 1 inset). Note that the force balance is divided by contact area and normal stress in Eq. (4), which shows that
normalized shear stress (ﬁrst term on the RHS) and friction (μ) decouple when the inertial term (LHS) is signiﬁcant. For
a system where the mechanical response is stiff (δ ≈ δ lp ) and motion is quasi–static (M ≈ 0), the RSF response to an e-fold
increase in slip velocity can be illustrated according to Eqs. (1)–(3). For a sudden jump in velocity by a factor of e, friction
increases immediately by a magnitude corresponding to a (direct effect) and then decays by a magnitude corresponding to b
(evolution effect) over an e-folding slip distance given by Dc (Fig. 1). After suﬃcient slip, friction reaches a new steady state.
The difference in steady state friction between the original slip rate Vo and the new slip rate V is given by (a – b)ln(V/V0 ).
2.3. Critical stiffness and stability criterion
Fig. 1 implies that unstable sliding may occur when (a − b) < 0, because frictional resistance decreases with increased
velocity and this may induce self-driven acceleration. Several studies have shown that this condition is indeed necessary
for unstable slip but not suﬃcient (Runia, 1983; Rice and Ruina, 1983; Rice, 1993; Ranjith and Rice, 1999). Steady sliding at
velocity V occurs when the elastic stiffness K is larger than the critical stiffness Kc :

Kc = −



V dτss (V )/dV
MV
1+
Dc
Dc ∂ τ (V, θ )/∂ V



(5)

where τ is shear stress and τ ss (V) is the steady state shear stress at velocity V (Rice and Ruina, 1983). Eq. (5) is general and
not strongly restricted to RSF. For a one state variable RSF law, Eq. (5) can be further simpliﬁed to (Gu et al., 1984; Roy and
Marone, 1996; Baumberger and Caroli, 2006),

Kc =

(b − a )σ
Dc



1+

MV 2
σ aDc

(6)

For quasi–static motion, Eq. (6) can be simpliﬁed by substituting M = 0, i.e. Kc,qs = (b − a)σ /Dc (Ruina, 1983). These relations show that velocity weakening, (a − b) < 0, is required for frictional instability, because if Kc is negative, only stable
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sliding is possible given that K is positive. The value of Kc dictates the potential for frictional instability for a sliding system.
As Kc increases, higher system stiffness is required for stable sliding.
The second bracketed term in Eq. (6) is a dimensionless number representing a “dynamic” effect. Given its importance for
slip stability and the transition from stick-slip to frictional vibration, we deﬁne the dynamic frictional instability coeﬃcient

η

η=

MV 2
σ aDc

(7)

The parameter η represents the dynamic contribution to frictional instability and can be compared to the purely quasi–
static factor. Eq. (6) shows that mass M and velocity V play a key role in frictional motion. The dynamic effect on Kc can
be negligible at slow velocity (V2 << σ aDc /M), but it can be signiﬁcant when mass and velocity are high and η ≥ 1, which
represents the value at which the dynamic effect exceeds the quasi–static effect on Kc . Note that η can increase without
limit and is strongly sensitive to slip velocity (η ∼ V2 ), indicating that any system with a – b < 0 has potential for unstable
sliding at suﬃciently large velocity.
3. Simulation results
The simulations are conducted using a recent solution that provides increased numerical stability over the full range
of deformational modes - from stable sliding to fully dynamic, unstable motion (Im et al., 2017). In this method, RSF and
velocity are solved for each numerical step as constrained within the solution imposed by force balance. The time-discretized
equation for displacement is

δ i+1 = [δ i − (δl p i+1 − μi+1 σ /K )]cos(ω t ) +

Vi

ω

sin(ω t ) + (δl p

i+1

− μi+1 σ /K )

where superscripts i and i + 1 denote successive time steps and ω is angular velocity deﬁned as ω =
midpoint velocity, we deﬁne

V i+1 = 2

δ i+1 − δ i
t

− Vi

(8)
K/M. Using the

(9)

Rate and state friction at each numerical step is calculated using Vi +1 and simultaneously solved with Eqs. (8) and
(9) (see Im et al. (2017) for details).
We conducted two sets of numerical experiments. The ﬁrst set is conducted for K > Kc,qs . According to Eq. (6), this condition yields stable sliding at slowly slipping motion while it can become unstable at suﬃciently fast velocity. Our second
set of numerical experiments are conducted with K < Kc,qs , which always yields unstable slip motion regardless of the slip
velocity. It is well known that this condition yields stick–slip instability when the system is loaded slowly (Rice and Tse,
1986; Im et al., 2017). Here, we go beyond the earlier work and study the full range from slow to fast loading velocity,
spanning this transitional area with a single solution method, including cases where the dynamic effect becomes signiﬁcant
(η > 1).
3.1. Velocity stepping over stable/unstable boundary
For a constant elastic stiffness K, Eq. (6) deﬁnes a critical velocity Vc as,

Vc =

σ aDc 
M



K Dc
−1
( b − a )σ

(10)

The critical velocity represents a stability condition, such that for loading at subcritical rates (Vlp < Vc ), friction will be
eventually stabilized at the loading velocity. Conversely, if the system is loaded at supercritical velocities (Vlp > Vc ), slip will
be unstable.
We conducted numerical simulations of the frictional response to step changes in loading velocity using sub- and supercritical velocity steps (Fig. 2). RSF parameters were ﬁxed at μ0 = 0.6, V0 = 10−9 m/s, Dc = 10 μm, a = 0.0 03 and b = 0.0 06 which
roughly typify polished granite surfaces or shear within granular layers used to simulate the wear and breccia (fault gouge)
found in tectonic fault zones (Marone, 1998a). We used σ = 2 MPa, M = 30 0 0 kg/m2 and an elastic stiffness K of 1.5Kc,qs
(K = 900 MPa/m; Kc,qs = 600 MPa/m). For these parameters Eq. (10) yields a critical velocity Vc of ∼3.16 mm/s. Our simulations begin with stable sliding at an initial velocity V = 0.1 mm/s, which is well below Vc , and then step changes in loading
velocity Vlp are imposed using three values (Fig. 2) that correspond to: (i) strongly subcritical velocity (0.3 mm/s), (ii) slightly
subcritical velocity (3.1 mm/s) and (iii) slightly supercritical velocity (3.2 mm/s). Fig. 2b shows the dynamic critical stiffness
(Eq. (6)) for each case along with the elastic stiffness K. The stability transition is predicted to occur between Vlp = 3.1 and
3.2 mm/s, corresponding to Vc ∼ 3.16 mm/s (Fig. 2b).
The friction responses for the three cases studied (Fig. 2a) clearly demonstrate that sliding stability is indeed determined by the “dynamic” critical stiffness, consistent with Eq. (6). All three cases show initially unstable oscillations immediately following the velocity jump, showing that the stable systems can become unstable with sudden velocity increase
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Fig. 2. (a): Friction response to three velocity steps: (i) strongly subcritical velocity (0.3 mm/s; black), (ii) slightly subcritical velocity (3.1 mm/s; red) and
(iii) slightly supercritical velocity (3.2 mm/s; blue). Simulations used the Ruina law with μ0 = 0.6, V0 = 10−9 m/s, Dc = 10 μm, a = 0.0 03, b = 0.0 06, σ = 2 MPa
and M = 30 0 0 kg/m2 with stiffness K set to 1.5 of the quasi–state critical stiffness (K = 900 MPa/m; Kc,qs = 600 MPa). These input parameters yield a critical
velocity of 3.16 mm/s. Note that the subcritical velocity step (red) converges to the predicted value of slip velocity (marked with an × on the phase diagram, inset to panel a) while the supercritical velocity case (blue) results in a limit cycle oscillation. (b) Calculated critical stiffness for each case (colors
correspond to those of panel a) with system stiffness also shown (black dashed line). The identical simulation results for the Dieterich law are presented
in the supplement. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

(Gu et al., 1984). However, their subsequent behaviors are signiﬁcantly different (Fig. 2a). For the strongly subcritical case
(black line; Vlp = 0.3 mm/s), the oscillation rapidly attenuates and sliding quickly becomes steady at the new loading velocity.
For the two higher loading rate cases, the initial response involves a large stress drop and rapid acceleration. Slip velocity
oscillates to a large magnitude and gradually decreases to steady sliding for the jump to 3.1 mm/s, whereas the jump to
3.2 mm/s produces sustained harmonic oscillations that range from ∼2.6 to 4 mm/s (Fig. 2a inset).
The convergence behaviors of the two near critical cases are compared in the phase plane diagram (Fig. 2a) for an
extended duration of 10 s after the velocity steps. Note that the two cases are initially similar but that their ﬁnal behaviors
are signiﬁcantly different. The oscillation for the subcritical case (red line) converges to its theoretical steady state point
(marked by the × in the inset to Fig. 2a), while the supercritical case converges to a periodic limit cycle.
We conducted multiple simulations to further examine the transition from stable to unstable motion (Fig. 3). We used
the same set of RSF parameters as above (Fig. 2) while varying the mass and velocity. We tested 12 values of M and 13
velocities, for a total of 156 cases. Fig. 3 shows results in terms of the magnitude of the normalized shear stress oscillation
for the limit cycle (e.g., Fig. 2a). The boundary between stable (empty circles) and unstable (ﬁlled circles) motion corresponds
to the prediction of the Rice-Ruina dynamic stability criteria (red dashed line; Eq. (10)).

3.2. Dynamic characteristics of instability
The periodic limit cycles demonstrated in Fig. 2a are clearly not a stick-slip instability, but rather represent a harmonic
oscillation. As stick–slip instabilities at slow loading rates are well documented with rate and state friction (Rice and Tse,
1986; Im et al., 2017), these observations show that the two different dynamical frictional regimes (stick–slip and harmonic
vibration) can be integrated within a single framework of frictional response, provided inertia is correctly incorporated. The
quasi-harmonic oscillations we observe (Fig. 2) can be understood via the inertial term of the force balance (Mδ̈ = K (δl p − δ ))
and therefore should be related to the dynamic frictional instability coeﬃcient, η.
We studied a suite of cases to illustrate how limit-cycles vary with loading velocity and dynamical parameters and
summarize results using the magnitude of the limit cycle oscillation (Fig. 4). The simulations of Fig. 4 are conducted with
the Ruina law (see supplement for Dieterich Law results) and a = 0.005, b = 0.008, Dc = 10 μm and σ = 4 MPa, which yields
Kc,qs = 1.2 GPa/m. We used elastic stiffness K = 0.96 GPa/m (black) and K = 0.60 GPa/m (gray) that yield K = 0.8Kc,qs and K = 0.5
Kc,qs respectively. Thus, the systems always yield unstable motion regardless of mass or velocity (Figs 4b and c). We varied
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Fig. 3. Magnitudes of the normalized shear stress oscillation at the limit cycle (10 s after velocity step) for 12 values of M and 13 loading velocities Vlp .
Input parameters are identical to simulations in Fig. 2 except M and Vlp . Empty circles denotes stable frictional motion. Red dashed line shows that the
Rice-Ruina dynamic stability criterion predicts our results.

loading velocity across ﬁve orders of magnitude using a constant value of mass per unit area M = 100 kg/m2 . All simulations
converged to periodic limit cycles.
Our results deﬁne two distinct regimes, with stick-slip motion occurring for loading velocities below a critical value and
harmonic oscillations occurring above (Fig. 4). For slower loading rates, the oscillation magnitude decreases roughly loglinearly with Vlp , which is a well-documented behavior of stick–slip friction drop (Karner and Marone, 20 0 0; Beeler et al.,
2001, 2014; Ben-David et al., 2010; He et al., 2003, Tian et al., 2017). One way to understand this is to consider that peak
friction increases with contact age, which scales inversely with stick–slip recurrence interval (Marone, 1998b). Our results
also show that the trend of decreasing stick–slip magnitude with loading rate becomes nonlinear, with stick–slip stress drop
reaching a minimum at loading velocities of ∼3–5 cm/s, depending on stiffness K (Fig. 4). With increased loading velocity,
the magnitude of harmonic oscillations increases with loading rate, which deﬁnes the dynamic regime.
The transition from quasi–static stick–slip to quasi harmonic oscillations can be described by the emergence of dynamic
instability coeﬃcient η. Fig. 4a shows that the oscillation magnitude begins to deviate from the linear trend when the
dynamic instability coeﬃcient (blue line) starts to increase. In fact, it is expected that the decreasing trend of stress drop in
the quasi–static regime does not extend to zero, because the elastic stiffness for stable sliding increases strongly as loading
rate increases, due to the dynamic effects included in η. Note that η is negligible at low velocity (V2 << σ aDc /M), however
once it reaches a value of ∼ 1, it increases rapidly, as the square of velocity.
The dynamic characteristics of frictional instability show clear differences between the two regimes illustrated in Fig. 4.
In the quasi–static regime, the stick–slip limit cycle is apparent (Fig. 4b). Conversely in the dynamic regime, friction exhibits
a high frequency quasi–harmonic oscillation (Fig. 4c) similar to what we saw in Fig. 2.
It is clear that inertia plays a key role in distinguishing the two regimes. In Fig. 4b and c, the gap between normalized
shear stress (black line; ﬁrst term of RHS Eq. (4)) and rate and state friction (red dashed line; second term of RHS Eq. (4)) is
a direct consequence of inertia; in particular the magnitude of the normalized inertial force (LHS of Eq. (4)). During stick–
slip motion (Fig. 4b), the inertial term is apparent only in the short dynamic slip phase (see inset Fig. 4b). Conversely, inertia
is signiﬁcant throughout the limit cycles observed during quasi–harmonic oscillations (Fig. 4c).
It is also instructive to evaluate the two frictional instability regimes in terms of event frequency (Fig. 5). Note the
similarity to Fig. 4a, which is expected given that an increase in loading rate results in an increase in event frequency. The
log-linear relation between shear stress drop (magnitude) and frequency (or recurrence time) also appears in the quasi–
static regime, showing that a larger magnitude of friction drop is associated with a longer duration of recurrence time.
This behavior is well documented analytically, in lab data, and for natural earthquake cycles (Vidale et al., 1994; Marone
et al., 1995; McLaskey et al., 2012; Beeler et al., 2001, 2014; Im et al., 2017). For higher frequency oscillations, the event
magnitude reaches a minimum and increases signiﬁcantly as loading rate increases (Fig. 5). However, our results indicate
that the increase in event frequency is limited by the natural frequency of the system ( f n = (1/2π ) K/M), which is 493 Hz
for K = 0.96 GPa and 390 Hz for K = 0.60 GPa in these simulations (vertical red lines; M = 100 kg/m2 ).
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Fig. 4. (a) Magnitude of friction limit cycles during stick–slip and harmonic oscillations for a range of loading velocities. We used the Ruina law with
a = 0.005, b = 0.008, Dc = 10 μm, σ = 4 MPa and M = 100 kg/m2 with K = 0.96 GPa/m (black) and K = 0.60 GPa/m (gray). These input parameters yield K = 0.8
Kc,qs and K = 0.5 Kc,qs and therefore result in unstable motion regardless of the loading velocity. Panel (a) deﬁnes two distinct regimes: stick–slip sliding
with quasi–static slip rates and dynamic motion deﬁned by harmonic oscillations. The emergence of the dynamic regime coincides with the instability
coeﬃcient η (blue line) becoming ≥ 1. Panels (b) and (c) show examples of friction in each regime, stick–slip in (b) and quasi-harmonic oscillation in (c).
Red and black curves represent normalized shear stress and rate and state friction, respectively. According to the force balance (Eq. (4)), the gap between
the black (normalized shear stress) and red (friction) curves represents the effect of inertia. In the stick-slip regime, inertia is only apparent during a short
period of dynamic slip (panel (b) inset) whereas it is always signiﬁcant in the dynamic regime of (c). Identical simulations with the Dieterich law are
presented in the supplement. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 5. Max-min normalized shear stress vs. frequency at limit cycle with identical simulation results to Fig. 4. Frequency generally increases with Vlp .
However, frequency increases are limited at the natural frequency fn (493 Hz for black and 390 Hz for gray) of the system. Extended simulation results to a
larger loading rate are presented in inset, conﬁrming that same limit is applied at the larger loading rates.

K. Im et al. / Journal of the Mechanics and Physics of Solids 122 (2019) 116–125

123

Fig. 6. Friction response for velocity steps from 10 μm/s to 200 μm/s at load point displacement 0.1 mm. Frictional parameters, mass and normal stress are
identical to the simulation in Fig. 2, but stiffness K is set to 1.0 0 05 Kc,qs to prompt an instability transition with only a slight increase is η. The dynamic
frictional instability coeﬃcient at 200 μm/s is η = 0.002. Black line denotes normalized shear stress and red dashed line denotes rate and state friction. Note
that the black line and red dashed lines almost fully overlap. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to
the web version of this article.)

4. Discussion
4.1. Slow stick–slip at K ∼ Kc
We ﬁnd that a quasi–harmonic oscillation emerges when K < Kc and η is signiﬁcant. Here we conduct a stable to unstable velocity stepping simulation similar to that in Fig. 2, but with only a small increase of η to observe the characteristics of friction with K < Kc but where η is insigniﬁcant. We used identical friction parameters to the simulations in Fig. 2,
but the loading velocity is increased from 10 μm/s to 200 μm/s - yielding η = 0.002 at Vlp = 200 μm/s. To achieve a stable
to unstable transition for the given η, the stiffness of the system is set only slightly larger than the quasi–static critical
stiffness (K = 1.0 0 05Kc,qs ) so that the stiffness become slightly smaller than the dynamic critical stiffness at V = 200 μm/s
(K = 0.9985Kc ).
The resulting friction is shown in Fig. 6, representing a stable – unstable transition at the loading velocity jump. The
normalized shear stress (black line) and rate and state friction (red dashed line) almost fully overlap, representing that the
inertial effect (Mδ̈ /σ in Eq. (4)) is insigniﬁcant. A zoomed-in plot (Fig. 6 inset) shows that the inertial effect is still insigniﬁcant even in the friction drop phase. This characteristic is inconsistent with general stick–slip motion which shows
signiﬁcant decoupling of normalized shear stress and friction at the friction drop (Fig. 4b and insets). Apparently the “slip”
phase in Fig. 6 is much slower than that of stick–slip (Fig. 4b). In fact, this slow stick–slip motion at K ∼ Kc has been
recognized in quasi–static (no inertia consideration) numerical simulations (e.g., Ruina, 1983) and, more recently, with experimental observation over a wide range of critical stiffnesses (Leeman et al., 2016). Fig. 6 shows that slow stick–slip also
emerges even with full consideration of inertia, and the inertial effect remains insigniﬁcant throughout the whole process.
4.2. Potential for frictional instability
The potential for the emergence of a dynamic instability increases signiﬁcantly with slip velocity. Our analysis indicates
that friction-induced vibration (harmonic oscillation) can potentially emerge in any system exhibiting velocity weakening
friction (a − b < 0). The emergence of unstable sliding merely requires a suﬃciently high slip velocity (V > Vc ). Moreover,
since the critical stiffness (or dynamic frictional instability coeﬃcient η) increases with V2 , this velocity requirement can
be easily met in fast slipping contacts such as those in mechanical parts for example, vehicle brake system. The potential
for this emergence of instability can be decreased by reducing mass (η decrease) which, at the same time, will increase
oscillation frequency once emerged.
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The dynamic frictional instability coeﬃcient (η) not only represents the potential for the emergence of frictional instability but also determines the instability regime. There is no clear boundary between the regimes presented in these
simulations as transition from stick-slip to quasi-harmonic oscillation occurs gradually and it is also dependent on the stiffness of the system. However, one may use η = 1 to characterize instability regimes as suggested by Roy and Marone (1996),
since it denotes the state where quasi–static and dynamic effects are identical and after this point, η increases rapidly with
velocity. With the input parameters of the simulation in Fig. 4, this is at V = 4.47 × 10−2 m/s which corresponds well with
our transition zone.
4.3. Dynamic instability in natural fault system
Quasi–harmonic oscillations can also be observed in natural fault slip, as, so called, harmonic tremor. Harmonic tremors
are frequently observed where applied loading rate or slip rate on the fault is temporarily increased, for example, by subsurface magma transfer (volcanic tremor) (Choudt, 1996; Dmitrieva et al., 2013) or by injection-induced slip (Das and Zoback,
2013; Derode et al., 2015). In both cases, the fault contacts are forced to slip under continuous loading at increased velocity. This condition should signiﬁcantly enhance the dynamic frictional instability coeﬃcient (MV2 /σ aDc ), and may result in
quasi–harmonic oscillation on the fault.
5. Conclusions
We show that frictional stability on high velocity slipping contacts is indeed controlled by inertia and related to dynamic effects. Furthermore, we observe that these dynamic effects determine the dynamic characteristics of the resulting
unstable slip motions: stick–slip and quasi–harmonic oscillation. Magnitudes of shear stress oscillations decrease with increased velocity in the quasi–harmonic (stick–slip) regime while, it signiﬁcantly increases with velocity in the dynamic
(quasi–harmonic oscillation) regime. Frequency increases with increased velocity but there exists a frequency limit at the
natural frequency of the system. Dynamic frictional instability coeﬃcient (η = MV2 /σ aDc ) is a key parameter that deﬁnes
the potential for dynamic instability and determines the dynamic characteristics of unstable slip motions.
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