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Abstract Microwave-assisted rock fracturing has
been widely applied to satisfy increasing demands for
safety, high efficiency and energy saving. During
microwave irradiation, rock damage occurs as a result
of the irregular distribution of induced temperatures
and resulting thermal stresses. This non-uniform
temperature distribution may develop from either (1)
intrinsic rock heterogeneity, or (2) from the impingement of a heterogeneous or focused electromagnetic
field density. However, prior models have rarely been
concerned with the impact of the latter phenomenon
and no rational methods to define the accurate location
of the initial fracturing are available. A nested
spherical mechanical model is proposed to address
this deficiency where the heated volume is divided into
three zones: an interior high temperature zone (H
zone), a transition zone (T zone) and a low temperature external zone (L zone). The thermal stress
coupling coefficient is defined. The proposed model is
verified against experiments conducted in this work
and by others. As a result of this mechanical model, the
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geometric dimensions of the three regions have an
important influence on the variation of the maximum
compressive/tensile stress. The thermal stress coupling coefficient is closely related to the location of the
maximum compressive/tensile stress and the thermal
stress distribution. Fractures develop first in the
extensional T zone. The proposed model enables the
prediction of the likelihood, location and severity of
fracturing to develop and therefore enables the potential optimization of the fracturing process.
Article Highlights
• We develop a nested spherical mechanical model
to address this deficiency where the heated volume
is divided into three zones: H zone, T zone and L
zone.
• The stress distribution is shown to be uniquely
related to both the thermal stress coupling coefficients and the geometric dimensions of the three
zones.
• The maximum tensile stress appears in the inner
boundary of T zone, or a small distance from H
zone.
Keywords Microwave heating  Non-uniform
temperature distribution  Thermal expansion 
Temperature gradient  Coupling coefficient
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1 Introduction
Microwave-assisted fracturing has been widely
applied in the breaking (Satish et al. 2006), fracturing
(GUO et al. 2011; Wen et al. 2017) and the processing
(Buttress et al. 2017; Amankwah and Pickles 2009) of
various rocks. Additionally, microwave heating can be
used not only in the comminution of minerals but in
tunnel engineering, mining engineering and in the
recovery of unconventional reservoirs (Hartlieb et al.
2018; Li et al. 2019a; Liu et al. 2018). Numerous
experiments and theoretical models have been developed to assess mechanisms of damage resulting from
microwave irradiation (Jones et al. 2007; Li et al.
2019b). These studies have principally focused on the
thermodynamic mechanisms underpinning damage,
fracturing modes at a micro scale, and the patterns of
induced fractures at macro scale.
These studies have revealed that microwave-induced fractures are mainly radial (Meisels et al. 2015).
In terms of microscopic fracturing, rocks are mainly
subjected to intergranular failure with some transgranular breakage (Charikinya et al. 2015; Omran
et al. 2015). The applied microwave power, the
irradiation time, and the mineral constitutes importantly influence the heating degrees of rocks irradiated
with the microwave energy (Kahraman et al. 2020),
and mineral size and spatial distribution on the damage
caused by microwave irradiation (Li et al. 2019b).
Such models identify general trends in response that
note: (1) For the same input microwave energy, the
higher the microwave power, the greater the damage
(Jones et al. 2007; Rizmanoski 2011); (2) For given
microwave power, the longer the duration of irradiation, the greater the damage (Li et al. 2019b, 2016;
Kingman et al. 2004), although for a given mineralogy
and ore structure there is a minimum threshold power
density below which no damage at grain boundaries
results, regardless of the duration of exposure (Ali and
Bradshaw 2009); (3) An optimal combination of
power and duration of exposure exists for irradiation at
a specified microwave energy (Zheng et al. 2017); (4)
Exposure at a given microwave power and input
microwave energy preferentially damages larger particles of absorbing minerals (Jones et al. 2005).
A non-uniform temperature field is generated
during microwave irradiation, thus generating thermal
stress and initiating damage (Li et al. 2019b; Toifl
et al. 2017). Non-uniform temperatures result from
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both the anisotropic and heterogeneous properties of
mineral aggregates and the heterogeneous distribution
of heating resulting from the focus of the microwave
beam. Different mineral aggregates exhibit different
absorptive capacities to microwaves (Jones et al. 2007;
Toifl et al. 2017; Pitchai et al. 2014; Zhang et al. 2016).
The dielectric properties of minerals were then used to
explain the behavior difference minerals when
exposed to microwave radiation (Zheng et al. 2020).
Thus, the non-uniformity of these properties, and
hence selective absorption by material aggregates, is
one of the keys to increasing the aforementioned
damage (Meisels et al. 2015). Furthermore, microwave intensity is typically non-uniform in the area
heated by the radiation (Hartlieb et al. 2016; Hartlieb
and Grafe 2017; Lu et al. 2019)—as a result of beam
focusing. This is the main reason for the development
of a non-uniform temperature distribution in quasihomogeneous materials.
Microwave heating-induced fracturing usually
occurs at the boundary between high temperature
and low temperature areas (Hong et al. 2016).
Mechanisms of microwave-induced rock fracturing
illuminated in previous work have been represented in
numerical models of non-equilibrium thermodynamics accommodating two complementary processes: (1)
thermal stresses induced by the temperature gradient
between high temperature area and low temperature
areas (Jones et al. 2005; Toifl et al. 2017; Hartlieb et al.
2012; Yan and Zheng 2017); and (2) thermal stresses
generated by mechanical restraint of a heated core by a
surrounding lower temperature collar (Hartlieb et al.
2016; Wang and Djordjevic 2014). The former
identifies locals stress gradients and the latter the
overall magnitudes of the stresses, and their respective
impact on generating fractures. These combined
effects induce tensile stresses in the peripheral matrix
and shear stress at the boundary between the two
different areas. The rock is damaged as strains/stresses
exceed a threshold strain/strength (Hartlieb et al.
2012). Typical observations indicate that microwaveheating-induced fractures are concentrated at the
interface between areas of contrasting temperatures
(Hong et al. 2016) with some studies contending that
fracturing initiates some distance from that boundary
(Wang and Djordjevic 2014) Mechanisms contributing to fracture initiation at the boundary are well
defined while those remote from the boundary are
not—and indeed remain poorly understood. In
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addition, most studies have focused on the impacts of
the non-uniform temperature/stress distribution
caused by the anisotropic and heterogeneous nature
of the energy-adsorptive and thermomechanical properties of mineral aggregates—with few studies exploring the impact of the heterogeneous distribution of
microwave intensity. This is despite this latter feature
being commonly observed in quasi-homogeneous
rocks such as basalts and granites (Meisels et al.
2015) where the initial appearance of fracture appears
mainly related to the temperature gradient (Toifl et al.
2017, 2016; Hartlieb et al. 2012) with little relation to
the type of mineral aggregate (Hartlieb et al. 2012).
To summarize, current studies constraining the
precise location of damage and fracture in quasihomogeneous materials, where the impact of focused
and uneven microwave intensity is present, are rare.
Ignoring this effect potentially results in the misclassification of fracture—both in intensity and location—that will result from microwave irradiation
where focusing is strong. The following addresses
this deficiency by defining both thermal and thermally-induced-stress-profiles that result from the
thermomechanical loading of a focused microwave
beam into a quasi-homogeneous medium. This model
is used to define the location and intensity of the
resulting microwave heating-induced fracturing. The
model is applied to understand contrasting mechanisms controlling the initiation of fracture in both
heterogeneous rocks and for uneven distribution of
microwave radiation intensity. The model accommodates a central high temperature (irradiated) zone
encased within a low temperature zone and linked by
an intermediate thermal transition zone. Thermal
stresses resulting from this spherically symmetric
heating regime are analyzed to define the location and
pattern of the microwave heating-induced fracturing
and thereby discriminate between various causal
mechanisms for damage evolution.
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uniform due to either the nested heterogeneity of the
adsorptive/thermomechanical properties of the mineral aggregates (adsorptive mineral in a non-adsorptive matrix host) or the heterogeneous distribution of
microwave intensity (applied to a uniformly adsorptive medium). The system is divided into three
concentrically spherical zones—an interior high temperature zone (H), an exterior low temperature zone
(L) and transition zone (T) between them, as shown in
Fig. 1. The low-temperature L Zone remains at
ambient temperature since it is beyond the influence
of the focused microwave beam. The high-temperature H Zone results from rapid heating by the focused
beam within its area of impingement. And the
equilibrium temperature across the transitional T Zone
transitions between the bounding temperatures on
either side (TH [ TT [ TL). Thus, a significant temperature gradient develops across this smeared interface (T Zone) separating the H and L Zones
(Fig. 1).Three major assumptions are made to simplify
the system, while honoring the principal mechanisms
for stress generation: (1) the temperatures gradient in
the H and L Zones is small and can be ignored, in other
words temperature gradients within the H and L Zones
are identically zero; and (2) the three zones are fully
bonded, with no slip and separation or fracturing
between each zone, and (3) the dynamic heat transfer
process of microwave radiation is assumed to be
composed of a quasi-static steady process. The
temperature distribution in T zone is related to the
temperature in H zone and the radius of T zone.

2 Nested spherical mechanical model
2.1 Model assumptions
Prior to microwave heating the rock is at equilibrium
in both stress and temperature, with stress and
temperature identically uniform. Post heating, temperatures and induced thermal stresses are non-

Fig. 1 Schematic of uniform temperature distributions within
high (irradiated) and low (ambient) temperature zones, linked
by the thermal gradient in the transitional zone
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An identical model can be used to represent (1) a
small microwave adsorptive mineral embedded within
a non-adsorptive host or (2) a narrowly focused
microwave beam impinging on a uniformly adsorptive
material. For either of these cases it is assumed
separately that (1) the content of microwave adsorptive mineral grain is much smaller than the surrounding non-adsorptive mineral (Jones et al. 2007) or that
(2) the microwave focus is narrow in comparison to
the external region. In each of these cases [(1) and (2)]
rL [[ rT [ rH. The relationships describing steady
state temperatures in the H, L, and T zones subject of
irradiation are (Li et al. 2019a, b; Pitchai et al. 2014;
Zhang et al. 2016):


TH ¼ fH t; jH ; CpH ; EH ; kH
ð1Þ


TL ¼ fL t; jT&L ; CpT&L ; ET&L ; kT&L
TTr ¼

C1
þ C2
r

ð2Þ
ð3Þ

in which,
C1 ¼

TH  TL
;
1=rH  1=rT

C2 ¼ TH 

T H  TL
rH ð1=rH  1=rT Þ
ð4Þ

where T represents the temperature, r represents radius
from the center of focus (or center of adsorptive
mineral) and subscripts H, T and L represent the H, T
and L Zones; t, j, Cp, E, and k represent time,
permittivity, specific heat capacity, electric field
intensity and thermal conduction coefficient.
Based on the definition of the three zones, the
boundaries of H-T and T-L zones can be defined by the
changing of temperature gradient. In the experiment,
the infrared thermograph is applied to obtain the
temperature distribution of rock surface. Next, the
temperature contour map of rock surface is calculated
with the temperature gradient obtained. The area
where the temperature gradient larger than 5% of the
maximum temperature gradient is defined as T zone.
The boundaries of H-T and T-L zones are located at
the position where the temperature gradient is 5% of
the maximum temperature gradient. The boundary
with high temperature is defined as boundary of H-T
Zone and the other is specified as boundary of L–T
Zone.
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2.2 Stress analysis
In the following, we consider the thermal stresses
generated by microwave irradiation as partitioned into
two components: the stresses induced by thermal
expansion in the heated zone, comprising a uniform
induced temperature, and that triggered by the
temperature gradient in the T zone, where stress
continuity is enforced and the induced stresses vary
with radius. In this section, the stress conditions within
each zone are defined and the results superposed to
define the resulting stress distribution—but more
importantly, do define the impacts of different factors
in describng the stress distribution, sense (tensile or
compressional) and intensity.
The stress distribution within the H zone is first
defined. For this, the T and L Zones are combined and
labeled as the T&L Zone, for simplicity. Since H Zone
is in close contact with, and surrounded by the T&L
Zone, the thermal expansion of the H Zone is restricted
and a pressure (PH-T&L) is generated at the contact
(Fig. 2) and labeled as PHo(H-T&L) on the outer
boundary of the H Zone and PT&Li(H-T&L) on the inner
boundary of the T & L Zone with PHo(H-T&L) = PT&Li
(H-T&L). As a result of this stress transfer, PT&Li (H-T&L)
acts across the entire area of the T&L Zone. In the
definition of variables used in this paper, capital letters
H, T, and L represent the H, T and L Zones, and the
lowercase letters o and i represent the outer and inner
boundaries of each zone.
The T Zone expands as a result of the temperature
gradient. Due to the constraint of the L Zone, stress is
generated on both the outer boundary of the T Zone
and the inner boundary of the L Zone, labelled as
PTo(T-L) and PLi(T-L) with PTo(T-L) = PLi(T-L). The T
Zone expands inside due to the temperature gradient.
However, the inner boundary of T Zone also expands
as a result of the temperature gradient and the impact
of PLi(T-L). Similarly due to the constraint of the H
Zone, pressures are generated on both the outer
boundary of the H Zone and the inner boundary of T
& L Zone, labelled as PHo(T&L-H) and PT&Li(T&L-H).
Also, PT&Li(T&L-H) acts across the entire area of the
T&L Zone. Later we will demonstrate that both values
of PHo(T&L-H) and PT&Li(T&L-H) are equal to zero. The
temperature increment in the L Zone is small
compared with that in the H and T Zones. Therefore,
the thermal stress induced by the L Zone is taken as
zero.
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Fig. 2 Stress and deformation analysis to the interfaces within the model, the dotted line in the figure represents the original boundary
and the solid line represents the microwaved boundary; the red circle is the inner boundary and the black circle is the outer boundary
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Stress Analysis on the contact surface between
the H and T&L Zones

Based on the previous analysis, we obtain the
pressure applied on the contact surface between H and
T&L Zones, as:
PHo ¼ PHoðHT&LÞ þ PHoðT&LHÞ

ð5Þ

PT&Li ¼ PT&LiðHT&LÞ þPT&LiðT&LHÞ

ð6Þ

in which PHo and PT&Li are the resultant pressures of
the outer boundary of the H Zone and the inter
boundary of the T&L Zone, with PHo = PT&Li.
(2)

Stress Analysis on the contact surface between
the T and L Zones

The stress states of the T and L Zones are presented
here. Similarly the thermal expansion generates an
interaction pressure on the interface between the the T
and L zones, as PTo(T-L) and PTi(T-L). Furthermore,
PT&Li(H-T&L) generates pressure on outer boundary of
the T Zone and the inner boundary of the L Zone,
identified as PTo(H-T&L) and PLi(H-T&L). Similarly,
PT&Li(T&L-H) generates pressures on outer boundary
of the T Zone and the inner boundary of the L Zone,
labelled as PTo (T&L-H) and PTi (T&L-H). Allowing us to
obtain:
PTo ¼ PToðHT&LÞ þ PToðT&LHÞ þ PToðTLÞ

ð7Þ

PLi ¼ PLiðHT&LÞ þPLiðT&LHÞ þPLiðTLÞ

ð8Þ

where PTo represents the resultant pressure on the
outer interface of the L zone; and PLi represents the
resultant pressure on the inner interface of the L zone.
Furthermore, the pressure applied on the outer
boundary of the T Zone due to the thermal expansion
of the H Zone is the same as that on the inner boundary
of the L zone. Therefore we have: PTo(H-T&L) = PLi(HT&L) and PTo (T&L-H) = PTi (T&L-H).
(3)

Deformation at the interface between the H
Zones and T&L Zones

The displacement of at the interface between the H
Zone and the T Zone is first analyzed. The outward
displacement of the H Zone (uHo) is equal to the sum of
the free expansion of the H Zone under uniform heat
expansion and the synergistic displacement under the
effects of PHo(H-T&L) and PHo(T&L-H). The displacement on the inner boundary of the T&L Zone (uT&Li) is
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the superposition of the displacement induced by the
thermal gradient and PTi(T-L), the displacement due to
PT&Li(H-T&L) and the displacement induced by PT&Li(T&L-H). The inward displacement of the T&L Zone
(uT&Li) is equivalent to the sum of the free expansion
of the T Zone under thermal expansion and the
synergistic displacement under the effects of PTi(T-L)
and PT&Li(T&L-H). Under the assumption that the H
zone and T Zone are bonded, then uHo = uTi. Therefore we have:
rH aH TH þuHoðHT&LÞ þuHoðT&LHÞ
¼ uT&LiðHT&LÞ þuT&LiðT&LHÞ þuT&Liðg&TLÞ

ð9Þ

where the first term represents the free expansion of
the H Zone induced displacements, where uHo(H-T&L)
and uHo(T&L-H) represent the PHo(H-T&L) and PHo(T&L-H)
induced displacement on the outer boundary of the H
Zone; uT&Li(H-T&L) and uT&Li(T&L-H) represent the
PT&Li(H-T&L) and PT&Li(T&L-H) induced displacement
on the inner boundary of the T&L zone; uT&Li(g&T-L)
represents the temperature gradient and PTi(T-L)
induced displacement on the inner boundary of the
T&L zone. Then we obtain:
uT&Liðg&TLÞ ¼ uTiðgÞ þuTiðTLÞ

ð10Þ

where uTi(T-L) represents the displacement on the inner
boundary of the T Zone induced by PTi(T-L); and uTi(g)
represents the displacement on the inner boundary of T
Zone induced by temperature gradient.
(4)

Deformation at the interface between the T and
L Zones

Now the displacement of the interface between the
T Zone and the L Zone is investigated. The displacement of the outer boundary in the T zone (uTo) is equal
to the sum of that induced by compressive stress of the
H Zone and the interaction with the temperature
gradient of the L zone. The displacement of the inner
boundary of the L zone (uLi) is caused by the
compressive stress of the H Zone and interaction with
the L zone. Also we have uTo = uLi and:
uToðgÞ þuToðTLÞ þ uToðHT&LÞ þ uToðT&LHÞ
¼ uLiðTLÞ þ uLiðHT&LÞ þ uLiðT&LHÞ

ð11Þ

where uTo(g) represents the displacement on the outer
boundary of the T Zone induced by temperature
gradient; uTo(T-L) represents the PTo(T-L) induced displacement on the outer boundary of the T Zone; and

Geomech. Geophys. Geo-energ. Geo-resour. (2021) 7:40

Page 7 of 22

uLi(T-L) denotes the PLi(T-L) induced displacement on
the inner boundary of the L Zone. uTo(H-T&L) and uLi(HT&L) represent the PT&Li(H-T&L) induced displacements
on the outer boundary of the T Zone and the inter
boundary of the L Zone; uTo(T&L-H) and uLi(T&L-H)
represent the PT&Li(T&L-H) induced displacement on
the outer boundary of the T Zone and the inter
boundary of the L Zone.
Also, the displacement on the outer boundary of the
T Zone due to the thermal expansion of the H Zone is
the same as that on the inner boundary of the L zone,
therefore we have uTo(H-T&L) = uLi(H-T&L), uTo(T&LH) = uLi(T&L-H) and:
uToðgÞ þuToðTLÞ ¼ uLiðTLÞ

ð12Þ
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inner pressure applied on a hollow sphere with an
inner radius of rT and outer radius of rL. The
temperature gradient will also generate a thermal
stress in the T Zone as noted in ‘‘Temperature gradient
induced stress within a hollow sphere’’ section in
‘‘Appendix 1’’. The inner stress in the H Zone is
induced by PHo(H-T&L) and PHo(T&L-H), the inner stress
inside the T Zone is induced by the comb ination of
temperature gradient in the T Zone, PT&Li (H-T&L),
PT&Li(T&L-H) and PTo(T-L); The inner stress inside the L
Zone is induced by PT&Li (H-T&L), PT&Li(T&L-H) and
PLi(T-L).
Therefore, we can obtain the radial and circumferential stress in each zone:

8
2aH EH ET&L TH
>
>

ð0\r  rH Þ
>
>
ð
1
þ
l
>
T&L ÞEH þ 2ð1  2lH ÞET&L

>
<
3
3
aT&L ET&L TH
2rH rH rT rH ð3rT  2rH Þ
2aH EH ET&L TH rH

þ
ðrH  r  rT Þ

rr ¼
3
3
3r
ð
1

l
Þ
ð
r

r
Þ
3
r
½
ð
1
þ
l
>
T
H
T&L
T&L ÞEH þ 2ð1  2lH ÞET&L r
>
>
3
>
>
a E T r ðr  rH Þð2rH þ rT Þ
2aH EH ET&L TH rH
>
:  T&L T&L H H T

ðrT  r  rL ÞðrT  r  rL Þ
r3
3ð1  lT&L Þ
½ð1 þ lT&L ÞEH þ 2ð1  2lH ÞET&L r3

ð13Þ
8
2aH EH ET&L TH
>
>

ð0\r  rH Þ
>
>
ð
1
þ
l
>
T&L ÞEH þ 2ð1  2lH ÞET&L

>
<
3
3
aT&L ET&L TH
2rH rH rT rH ð3rT  2rH Þ
aH EH ET&L TH rH


ðrH  r  rT Þ
þ
rh ¼
3
6r
ð1  lT&L ÞðrT  rH Þ 3
2r
½ð1 þ lT&L ÞEH þ 2ð1  2lH ÞET&L r 3
>
>
>
>
>
a E T r ðr  rH Þð2rH þ rT Þ
aH EH ET&L TH rH3
>
: T&L T&L H H T
þ
ðrT  r  rL Þ
3
r
6ð1  lT&L Þ
½ð1 þ lT&L ÞEH þ 2ð1  2lH ÞET&L r 3
ð14Þ

2.3 Mechanical model
In this section, a mechanical model is established
based on the solutions to several scenarios for the
thermoelastic problem listed in ‘‘Appendix 1’’.The
action of PHo(H-T&L) on the H zone can be treated as an
outer pressure applied on a solid sphere with a radius
of rH.The action of PTi(H-T&L) and PTo(T-L) can be
treated as inner and outer pressures applied on a
hollow sphere with the inner radius of rH and outer
radius of rT. The action of PLi(T-L) can be treated as an

where aH, kT&L, EH, ET&L, lH, and lT&L refer to the
coefficients of thermal expansion, Young’s moduli,
and Poisson’s ratios of the H and T&L zones; rH, rT,
and rL denote the radii of the H, T, and L zones; rr and
rh represent the radial and circumferential stresses,
respectively.
Based on Eqs. (13) and (14), the radial stress and
circumferential stress are both related to the thermal
expansion and temperature gradient. For simplicity we
define the temperature gradient stress coupling coefficient (n) and thermal expansion stress coupling
coefficient (m) as:
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n¼

aT&L ET&L TH
ð1  lT&L Þ

ð15Þ

m¼

3aH EH ET&L TH
ð1 þ lT&L ÞEH þ 2ð1  2lH ÞET&L

ð16Þ

Therefore with the substitution of Eqs. (15) and
(16) into Eqs. (13) and (14), the above equations can
be written as:
8 2m
>
>
> 3
>
>
<
n




2rH rH rT rH3 ð3rT  2rH Þ
2mrH3

þ

rr ¼
3
r
3r
ð

r
Þ
3
r
3r3
>
T
H
>
>
3
>
>
:  n rH ðrT  rH Þð2rH þ rT Þ  2mrH
3
r3
3r3

ð0\r  rH Þ
ðrH  r  rT Þ
ðrT  r  rL Þ

ð17Þ

rh ¼

8 2m
>

>
>
>
3
>
<
n



ð0\r rH Þ

3
 2rH Þ
mr
þ 3H ðrH r rT Þ
6r 3
3r

rH3 ð3rT

2rH rH rT


ðrT  rH Þ 3
2r
>
>
>
3
>
>
: nrH ðrT  rH Þð2rH þ rT Þ þ mrH
3
3
6r
3r

3.2 Case II-temperature gradient induced stress
dominant

ðrT r rL Þ

ð18Þ

3 Evolution of thermal stress during microwave
irradiation
In this section, the variation and characteristic of the
thermal stress in each zone are illustrated. Four cases
are defined based on the relationship of m and n.
3.1 Case I-thermal expansion induced stress
dominant
Under the assumption that (1) aT&L/aH & 0 and n/
m& 0, (2) kT&L is small and no T zone appears, the
thermal expansion induced stress is several orders of
magnitude greater than the thermal gradient induced
stress and the later term can be ignored. Then we have:
8
2m
>
<
ð0\r  rH Þ
3
ð19Þ
rr ¼
3
>
:  2mrH ðrH  r  rL Þ
3r 3
8
2m
>
<
ð0\r  rH Þ
3
rh ¼
ð20Þ
3
>
: mrH
ðr

r

r
Þ
H
L
3r 3
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As shown in Fig. 3a, all radial stresses are compressive, and are uniformly distributed in the H zone,
while they decrease with increasing radius in the T&L
zone. The maximum compressive stress appears in the
H zone, and its magnitude is independent of r and rH.
As shown in Fig. 3b, the tangential stress in the H
zone is uniformly distributed and compressive. In the
T&L zone, the tangential stresses are tensile and
decrease with increasing radius. At the boundary of the
T zone, the maximum tensile stress is half the
maximum compressive stress. We therefore conclude
that compression-induced damage is likely to occur in
the H zone and tensile induced damage would first
appear at the interface between the H and T zones with
potential extension into the L zone.

Under the assumption that (1) aH & 0 therefore
m & 0, (2) aTH is small and (TH - TL)/(rT - rH) is
sufficiently large to guarantee that the temperature
gradient-induced stress is several orders of magnitude
greater than the thermal expansion-induced stress then
the latter term can be ignored. We obtain the following
equation:
8
>
>
>
>
>
<

0 ð0\r  rH Þ


3
n
2rH rH rT rH ð3rT  2rH Þ

þ
ðrH  r  rT Þ
rr ¼
3r3
ðrT  rH Þ 3
r
>
>
>
>
n
rH ðrT  rH Þð2rH þ rT Þ
>
:

ðrT  r  rL Þ
3ð1  lÞ
r3

ð21Þ
8
>
>
>
>
>
<

0 ð0\r  rH Þ


n
2rH rH rT rH3 ð3rT  2rH Þ
ðrH  r  rT Þ
rh ¼ ðrT  rH Þ 3  2r 
6r 3
>
>
>
>
nrH ðrT  rH Þð2rH þ rT Þ
>
:
ðrT  r  rL Þ
6r 3

ð22Þ
3.2.1 Variation of Radial Stress for Case II
As shown in Fig. 4a, the maximum value of compressive stress appears in the T zone, and the radial stresses
in the T and the L zones are both compressive with the
absolute value first increasing, then decreasing with
increasing radius. To identify the location of the
maximum value of compressive stress, the radial
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(a)
Fig. 3 Variation of a rr and b rh with radius for Case I.
Subscript r represents the radial stress and h represents the
circumferential stress. H, L, and T represent the high (H Zone)

(a)
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(b)
and low (L Zone) temperature zones with the transitional (T
Zone) temperature zone linking them

(b)

Fig. 4 Variation of a rr with radius r and b rr with radius r for different rT/rH and rrTpmax for Case II

derivative of Eq. (21) is applied and set to zero. Thus,
we obtain:
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3rT  2rH
rrTpmax ¼ rH
ð23Þ
rT



n 3rH2  r 2 2
4rH3

rrTpmax ðrÞ¼
ð24Þ
3 3r ð3rH2  r 2 Þ
r 2  rH2
where rrTpmax represent the maximum value of the
radial stress and rrTpmax represents the location of
rrTpmax.
The variation of rrTpmax with radius is illustrated in
Fig. 4b. The maximum value of rrTpmax first increases,
then eventually stabilizes with an increase in rT/rH and

the location of the position of maximum stress shifts
pﬃﬃﬃ
outwards to 3rH with the expansion of the T zone
(rT/rH ? ?).
3.2.2 Variation of circumferential stress for Case II
As shown in Fig. 5a, the tangential stress in the T zone
transforms from compressive to tensile stress with
increasing radius. The tangential stress in the L zone is
tensile and decreases with radius. The maximum
compressive stress occurs at the inner boundary of the
T zone and is invariant with r, rH, or rT, but is related to
the temperature gradient coupling coefficient (n). The
maximum tensile stress occurs at the outer boundary
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(a)

(b)

Fig. 5 Variation of a rh with radius r and b rh with radius r for different rT/rH and rhTpmax for Case II

of the T zone. Therefore, tensile stress-induced
damage would appear at the outer boundary of the T
zone and expand both inwards and outwards.
Further, we can obtain the value of rhTtmax and the
location of its maximum value as:
nrH ðr  rH Þð2rH þ r Þ
6r 3
pﬃﬃﬃ

rhTtmax ¼rT ¼ 7  1 rH

rhTtmax ðrÞ¼

8
>
>
>
>
>
>
>
<

2m
ð0\rrH Þ

3


3
3
m
2rH rH rT rH ð3rT 2rH Þ 2mrH

þ
 3 ðrH rrT Þ
rr ¼
3r 3
ðrT rH Þ 3
r
3r
>
>
>
>
>
m rH ðrT rH Þð2rH þrT Þ 2mrH3
>
>
:

 3 ðrT rrL Þ
3ð1lÞ
r3
3r

ð27Þ

ð25Þ
ð26Þ

rhTtmax represents the maximum values of tangential stress, rhTtmax represents the location of the
maximum value of rhTtmax. As shown in in Fig. 5b,
the location of the maximum tensile stress shifts
outwards with increasing rT/rH, with the maximum
value first increasing, reaching a peak at
pﬃﬃﬃ 
rhTtmax ¼ 71 rH , then decreasing.

rh ¼

8
>
>
>
>
>
>
<




rH3 ð3rT

2m
3

ð0\r  rH Þ

mrH3
3r 3

m
2rH arT
 2rH Þ


ðrH  r  rT Þ
þ
6r 3
ðrT  rH Þ 3
2r
>
>
>
>
3
>
>
mrH ðrT  rH Þð2rH þ rT Þ mrH
:
þ 3 ðrT  r  rL Þ
6r 3
3r

ð28Þ
3.3.1 Variation of radial stress for Case III
As shown in Fig. 6, all radial stresses are compressive.
The compressive stress within the H zone is uniformly

3.3 Case III-thermal expansion and temperature
gradient induced stresses equivalent (m = n)
Another special case is where the contributions of
thermal expansion-induced and temperature gradientinduced stresses are almost equal (m = n). This case
can result when: (1) the rock can be treated as
homogeneous medium and (2) the non-uniform temperature distribution is mainly induced by the heterogeneity of the microwave density. The model can be
simplified to:

Fig. 6 Variation of rr with r for case III
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(a)
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(b)

Fig. 7 Variation of a rh with radius r and b rh with radius r for different rT/ rH and rhTmax for Case III

distributed, and that in the T zone and the L zone
decrease with increasing radius. The maximum compressive stress occurs in the H zone, and its value is
unrelated to r, rH, and rT.

rr ¼

8
>
>
>
>
>
>
>
<






2m
ð0\r  rH Þ
3

km
2rH rH rT rH3 ð3rT  2rH Þ
2mrH3

þ
ðrH  r  rT Þ

3
r
3r
ð

r
Þ
3
r
3r3
>
T
H
>
>
>
3
>
km
r
ð
r

r
Þ
ð
2r
þ
r
Þ
2mr
>
H T
H
H
T
H
>

ðrT  r  rL Þ

:
3ð1  lÞ
r3
3r3

ð30Þ

3.3.2 Variation of circumferential stress for Case III
As shown in Fig. 7a, the tangential stress in the H zone
is uniformly distributed and acts as a compressive
stress. A maximum compressive stress of - 2m/3 acts
in the H zone which is independent of r, rH, and rT. In
contrast, the tangential stress in the T zone changes
from compressive to tensile with increasing radius.
The maximum tensile stress occurs at the outer
boundary of the T zone, with a magnitude of:
rhTtmax ðrÞ¼

mrH ðr  rH Þð2rH þ r Þ mrH3
þ 3
6r 3
3r

ð29Þ

and decreases with increasing rT. Also as shown in
Fig. 7b, rhTtmax also decreases with increasing radius
rT/rH.
3.4 Case IV-general case—spectrum of thermal
expansion or temperature gradient induced
stress effects—n/m = k
In this section, the general case is defined where
thermal expansion and temperature gradient induced
stresses co-dominate the microwave fracturing process. A parameter, k, is defined as the ratio of the two
coupling coefficients (n/m = k) and the model can be
simplified to:

8
>
>
>
>
>
>
<

2m
ð0\r rH Þ
3


3
3
km
2rH rH rT rH ð3rT  2rH Þ
mr


þ 3H ðrH r rT Þ
rh ¼
6r3
ðrT  rH Þ 3
2r
3r
>
>
>
>
>
>
kmr
ð
r

r
Þ
ð
2r
þ
r
Þ
mr 3
H T
H
H
T
:
þ 3H ðrT r rL Þ
6r3
3r


ð31Þ
As shown in Eqs. (30) and (31), rrH=rhH and this
relationship is independent of k-consistent with first
three cases. From the three aforementioned cases, the
maximum tensile stress and the maximum compressive stress are usually present in the T zone. Therefore,
the stress distribution and evolution of the maximum
stress in the T zone are illustrated in the following.
3.4.1 Variation of radial stress for Case IV
As shown in Fig. 8a, the relationship between the
radial compressive stress in the T zone changes from
convex upward to concave upward with increasing k.
For 0 B k \ 1, the maximum compressive stress is
always found at r = rH and for k C 1, the location of
the maximum value of compressive stress can be
obtained as:
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(a)

(b)

Fig. 8 Variation of a rrT and b rrTmax with r for different values of k

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð3k  2ÞrT  ð2k  2ÞrH
ð32Þ
rrTmax ¼rH
krT
qﬃﬃﬃﬃﬃﬃﬃﬃ
when rT ? ?, rrTtmax ¼ 3k2
of
k rH . The position
pﬃﬃﬃ
the maximum stress gradually shifts to r¼ 3rH as
k increases (k ? ?). When k ? ? and rT ? ?, the
distribution of radial compressive stress in the T zone
is similar to that obtained for Case II.
Furthermore, we can obtain the maximum value of
rrT:
m
rrTmax ðrT Þ ¼ 2
ðrT  rH2 Þ



2 ð3k  2Þ  krT2
ð2k  2ÞrH3 rH3 2kx2  2rH2

þ
rT
3
3rT3


2mrH3
3rT3

As shown in Fig. 8b, the magnitude and location of
the maximum compressive stress (rrTmax) remains
unchanged for 0 B k B 1; and for k [ 1, the maximum value of rrTmax increases with r and its position
pﬃﬃﬃ
shifts outwards and approaches r ¼ 3rH when
k ? ? and rT ? ?. The distribution of radial
compressive stress in the T zone is similar to that
obtained for Case II.
3.4.2 Variation of circumferential stress for Case IV
As shown in Fig. 9a, the tangential stress first
decreases then increases with radius when the value
of k increases. Therefor a threshold value exist for k:
below the threshold value, the tangential stress is

ð33Þ

(a)
Fig. 9 Variation of a rhT and b rhTtmax with r for different values of k
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(b)
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tensile in the T zone while above this value it changes
to compressive stress to a tensile stress.
The threshold value can be obtained through the
derivative with respect to r:


2 rT3  rH3
kh ¼ 2
ð34Þ
rH rT þ rH rT2  2rH3 þ 6rT3
When k is below this value, the maximum tensile
stress occurs at r = rH and is of magnitude:
m
ð35Þ
rhTtmax ¼rhT ðrH Þ ¼ km þ
3
When k is above this magnitude, the maximum
tensile stress occurs at r = rT and we have:
rhTtmax ðr Þ ¼

kmrH ðr  rH Þð2rH þ r Þ mrH3
þ 3
6r 3
3r

ð36Þ

We can also obtain the position of the maximum
value of rhTtmax ðr Þ as:
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rH 7k2  6k
rhTtmax ¼ rT ¼
ð37Þ
 rH
k
pﬃﬃﬃ 
when k ? ?, rhTtmax ¼ 71 rH .
As shown in Fig. 9b, the maximum tensile stress
(rhTtmax(r)) first increases then decreases with increasing r and the position of the maximum tangential stress
pﬃﬃﬃ

(rhTtmax(r)) approaches r ¼
7  1 rH when
k ? ?. The distribution of radial compressive stress
within the T zone is similar to that for Case II.

40

4.2 Experimental method
A multi-mode microwave system operating at a
frequency of 2.45 GHz was used to irradiate the
samples. In the test, microwave irradiation was
applied at 3 kW for 3 min. The samples were located
in the same position within the microwave oven in all
tests. After the completion of microwave heating, the
distribution of surface temperature of samples was
measured via infrared thermal imaging; the samples
were then removed from the oven enclosure and
cooled to room temperature in air.
The measured surface temperature on the samples
was non-uniformly distributed as shown in Fig. 10—
resulting in a temperature gradient within the plug—
and defining the position and extent an H zone. The
radial macroscopic fractures developed and were
centered on the H Zone with no tangential macroscopic fracture apparent. A pyrite-rich zone was
present in the H zone with strong absorptive capacity
for the microwave radiation. This zone was heated
rapidly and was the remnant area of high temperature.
Based on comparisons of the post-heating distribution of surface temperature together with morphological characteristics, the samples were wire-cut into
prismatic sub-samples (10 9 10 9 20 mm) with a
height to diameter ratio of 2:1 (Fig. 11). A computercontrolled loading machine was used to measure
uniaxial compressive strength (UCS) under loading at
a constant rate of rate of 0.05 mm/min.

4 Experimental validation

4.3 Comparison with model results

We validate this model against observations for
microwave heating in rock. Two samples of ore were
microwave irradiated to validate our theoretical model
and comparions with other experimental observations
conducted.

The elastic modulus of each element degrades monotonically as damage evolves, with the elastic modulus
of the damaged material typically expressed as (Cui
et al. 2019):
DE ¼ 1 

4.1 Sample preparation
Granulite ore samples were collected from the Danyin
Mining and Metallurgy Company in Fengcheng City,
Liaoning, north-eastern China. Two standard cylindrical plugs were prepared with a dimension of
u50 9 25 mm. The two plugs were cored from the
same block of ore to maintain consistency between
samples and to reduce the impact of large-scale
heterogeneity on the test results.

Ei
E

ð38Þ

where DE refers to a damage variable defined as a
function of the change in elastic modulus (plotted in
Fig. 12b); Ei and E denote the mean elastic modulus of
rocks in different zones both after and before
microwave irradiation.
Similarly, a strength reduction ratio (Fig. 12a) may
be defined as:
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Fig. 10 Surface
morphologies and
distribution of surface
temperatures of plugs
immediately after
microwave treatment (the
blue dashed lines define the
boundary of the T zone and
the white dashed lines the
boundary of the H zone)

Fig. 11 Sub-sectioned
samples

g¼1

r0c
rc

ð39Þ

in which rc and rc’ represent the UCS both before then
after microwave irradiation.
The results for both the damage variable and
strength reduction are shown in Fig. 12. The trend in
the damage variable is consistent with that of the
reduction in UCS (both decrease radially outwards
from the H zone). The damage variables for all
samples exceed 0.5 and the strength reduction of all

123

samples exceed 0.4. All samples generally exhibit a
high degree of damage depending on applied microwave power, irradiation duration, and dimension of
samples as tested, as well as sustaining increasing
damage with closeness to the H zone.
Based on the characteristics of the stress distribution from our prior mechanical model, it is apparent
that the radial cracks induced by tensile failure are
most likely to be generated by heating, as the tensile
strength of the rock is significantly lower than its
compressive strength. This fits with observations from
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(b)

Figure 12 a Strength reduction and b damage variable in
samples 1# and 2#. Length, l, represents the distance from the
center of the H zone. Lengths of l = 5 mm, 15 mm and 25 mm

are in the H Zone (0–10 mm), T Zone (10–20 mm) and L Zone
(20–30 mm), respectively.

the tests where several radial fractures developed
around the H zone of the test specimens, as shown in
Fig. 10.
As mentioned previously, the non-uniform distribution of temperature results from the heterogeneous
distribution of minerals within the sample, categorized
as Case IV in Sect. 3.4. The maximum tensile stress
pﬃﬃﬃ

would appear at a radius r = rT for rT  7  1 rH ,
with its magnitude decreasing with increasing radius
together with the damage variable. Conversely, the
maximum compressive stress occurs in the area near
pﬃﬃﬃ
the H zone and withing the range rH \r\ 3rH , and
its stress magnitude decreasing with increasing radius.
For this particular experiment, the radius of the H zone
is * 5–10 mm, therefore the maximum tensile stress
would appear at radii in the range 5 mm B l B 16
mm and the maximum compressive stress would
appear in the range 5 mm B l \ 17.4 mm. In such
conditions, the prismatic sub-samples at l = 25 mm
are beyond the range of maximum tensile stress and
thus returns the smallest damage variable—consistent
with the UCS test results.

Following microwave irradiation, a high temperature
zone appeared with a diameter of * 10 cm, with the
remainder of the sample remaining in the low
temperature zone, and only a small transition zone
separating the low and high temperature zones, as
shown in Fig. 13. Several radial fractures developed
on the rock surface and expanded in the T and L zones
without crossing the H zone.
This granite can be treated as a quasi-homogeneous
material impacted by beam-focused irradiation developing an uneven temperature distribution—rather than
resulting from rock heterogeneity. Therefore, this case
can be categorized into that of Case III of Sect. 3.3.
Based on our prior model, the tensile stress appears in
what would be classified as the T and L zone with
compressive stresses in the H zone. Furthermore the
tensile strength is much smaller than the compressive
stress, favoring the first development of tensile stressinduced fractures.
Similarly, Lu et al. (2019) used an open-type
microwave-induced fracturing apparatus (OMWFA)
to irradiate and heat a basalt sample. The results at a
power of 3kw and for irradiation times of 1 min, 2 min
and 3 min are illustrated in Fig. 14 with the white
rectangles representing the location of the waveguide.
As apparent in the figure, radial fractures appeared
after one minute of microwave irradiation, with these
outside the waveguide. The radial fractures extend
both outward from, and inward to, the waveguide with

4.4 Other experimental observations
Hartlieb et al. (2016) conducted a microwave irradiation test on a rock (granite) surface using an open
high power microwave radiation device and measured
surface temperatures by infrared thermometer.
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Figure 13 a Fracture network developed in granite after 30 s of
microwave irradiation at 17.5 kW. The sample was treated with
a penetrative spray to improve visibility of the cracks. b Surface

temperature after 30 s microwave irradiation of granite at
17.5 kW (Hartlieb et al. 2016).

Fig. 14 Extension of fractures on the surfaces of a 100 mm
edge-dimension cubic sample. Fractures on the microwave
irradiated surface propagate outwards from the approximate

center of the sample; with increasing irradiation time, the cracks
progressively extend within the cube and away from the
irradiated surface (Lu et al. 2019)

an increase in the duration of irradiation: a radial
fracture appeared in the waveguide area after 2 min of
microwave irradiation and this became more significant at 3 min.
Basalt may also be regarded as a quasi-homogeneous medium (Meisels et al. 2015) with a nearuniform distribution of thermophysical characteristics
throughout. Therefore, this experiment belongs to
Case III in our classification in which the maximum
tensile stress occurs at the outer boundary of the T
Zone, a certain distance from the H zone. With
increasing irradiation time, the tensile stress in both
the T and L zones increases, leading to an expansion of
the radial fracture. Once the compressive stresses in
the H and T zones exceed the compressive strength,
the circumferential fracture will appear.

5 Discussion
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The previous has detailed a physics-based model
describing the likely distribution of fracturing that will
develop as a result of non-uniform heating within
irradiated samples. We discuss the findings and
limitations of this work in the following.
5.1 Distribution of stress and induced fractures
5.1.1 Radial stress
Based on the previous analysis (Sect. 3.4, n/m = k),
the radial stresses that develop within the different
zones are all compressive (or neutral as r ? ?). For
the case 0 B k B 1, the maximum induced radial
stress occurs in the H zone and is uniformly distributed
in that zone; For the case k [ 1, (1) the compressive
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stress first increases then decreases with increasing
radius
and
its
maximum
occurs
at
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð3k2ÞrT ð2k2ÞrH
; (2) the compressive stress
r¼rH
krT
increases with increasing k when the values of m, rH, rT
remain unchanged; and (3) the maximum compressive
stress increases with the extension of the T zone and
the location of the maximum value approaches
pﬃﬃﬃ
r¼ 3rH , again when m, rH, rT are retained unchanged.
5.1.2 Circumferential stress
Both tensile and compressive stresses develop around
the circumference of these zones, with the former
(tension) occuring in both the T and L zones and the
latter (compression) occuring in both the H and T
zones. The compressive stress decreases with increasing radius becomes tensile stress inside the T zone.
The relationship between compressive stress and k is
first investigated. For the case 0 B k B 1, the maximum circumferential stress occurs within the H zone
and is uniformly distributed in that zone. For k [ 1:
(1) the maximum compressive stress is located at the
inner boundary of the T zone; and (2) the maximum
compressive stress increases with k for constant m, rH,
r T.
The relationship between tensile stress and k may
also
be
analyzed.
For
the
case
2ðrT3 rH3 Þ
0  k  r2 rT þrH r2 2r3 þ6r3 : (1) the maximum tensile
H

T

H

T

stress occurs at the inner boundary of the T zone;
and (2) the tensile stress decreases with increasing k
outside the H zone with the maximum value increasing
with increasing k for constant m, rH, rT. For
2ðr3 rH3 Þ
k [ r2 rT þrH rT2 2r
3 þ6r 3 : (1) the value of rhTmax first
H

T

H

T

increases then decreases with the areal expansion of
the T zone for constant m, rH, rT; and (2) the maximum
value of rhTmax also varies with a maximum occuring
at the outer boundary of the T zone
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
(r ¼ rT ¼ rH 7kk 6k  rH ).
5.1.3 Fracture propagation
The maximum magnitude of compressive stress
pﬃﬃﬃ
occurs in the range 0  r\ 3rH and the maximum
tensile stress is found within the range
pﬃﬃﬃ

rH \r\ 7  1 rH . The exact locations of these
stresses is determined by the coupling coefficients
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(m and n) and the dimensions of the three zones.
Damage evolves once the compressive or tensile
stresses exceed strength.
Therefore, we conclude that: (1) circumferential
fracturing will occur in the L zone, induced by the
compressive stress and both circumferential and radial
fractures will occur within the H and T zones; that (2)
tensile stress will induce radial fractures in both the T
and L zones, and that the location of the fracturing
pﬃﬃﬃ

position will be in the range rH  r\ 7  1 rH or at
a certain position outside the H zone; and (3) fractures
will extend both inward and outward during continued
microwave irradiation.
5.2 Temperature-dependent parameters
and mineral transitions
Mineral phase transition and melting both potentially
impact the microwave heating induced fracturing
process. Quartz, for example will transition from a
to b phase at a temperature of 573 C (Vidana et al.
2021). During this transition process, the heat capacity
(Abdulagatova et al. 2020), the thermal expansion
coefficient and Young’s modulus change dramatically
(Zhao et al. 2017). In addition, pyrite may melt during
microwave heating (Lu et al. 2017), if the temperature
change is sufficient, resulting an increase in mineral
volume.
The temperature in the H zone continues to increase
during the microwave irradiation process. The thermal
diffusion coefficient (Hartlieb et al. 2016) and
Young’s modulus (Chen et al. 2014; Ahmed et al.
2018; Peng and Redfern 2013) decrease with increased
temperature, while the thermal expansion coefficient
(Meisels et al. 2015; Wang and Djordjevic 2014; Toifl
et al. 2016) increases. These variations in thermophysical parameters impact the values of the scaling
constants n and m. Apparent from Eqs. (19) and (20),
the value of n increases with increasing temperature.
In contrast, the impact of increasing temperature on
the value of m is much more complicated. In most
cases, the value of m increases with increasing
temperature. Only in the case where the reduction of
the value of m induced by a decreased Young’s
modulus is larger than the increment caused by the
increasing thermal diffusion coefficient and temperature, does the value of m decrease. The increases in
m and n increase the maximum magnitudes of induced
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tensile and compressive stresses, thereby potentially
increasing damage. Within the prior model, the
relationship between the relevant parameters in the
coupling coefficients and temperature are readily
established to analyze the influence of mineral phase
transition, melting and other phenomena on the
distribution of thermal stress, and therefore enable
predict of the locations and severity of damage.
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(2)

5.3 Limitations
Rocks are typically highly heterogeneous. In addition
to heterogeneous distributions of minerals, they contain cracks, pores, grain boundary defects and cleavage—one of which are included in the current model.
In addition, the heated region is assumed spherical and
thereby does not consider the influence of an irregular
model geometry on induced thermal stress. For
example, because of the spherically symmetrical
nature of the geometric model, the effect of additional
induced shear stress is neglected. Furthermore, this
study assumes that the microwave intensity in the high
temperature region is uniform, with the model using
an average magnitude of microwave intensity over the
high microwave intensity region—all of which may be
different from the actual situation at sample and
macroscopic scales. These are all issues to be considered in future research.

(3)

6 Conclusions
To investigate the impact of microwave radiation
induced temperature and thermal stress, a mechanic
model comprising nested spherical zones has been
developed. With this model, the thermal stress distribution is defined, enabling microwave heating induced
fracture propagation to be rigorously analyzed.
Resulting model results are verified by microwave
irradiation experiments. The following conclusions
can be drawn:
(1)

In the model, temperature gradient coupling
coefficient (n) and thermal expansion coupling
coefficient (m) are defined. The thermal stresses
develop as a result of two superposed processes:
constrained thermal expansion of the central
heated core and stresses resulting from the
temperature gradient within the transitional
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(4)

zone. As a result of this decomposition, the
stress distribution is shown to be uniquely
related to both the thermal stress coupling
coefficients and the geometric dimensions of
the three zones.
The relationship between n and m plays a
significant role in the location of the maximum
compressive/tensile stress and the thermal stress
distribution. For the radial stress, acting as a
compressive stress in all the three zones, the
maximum stress occurs in the high temperature
zone (H zone) or transitional zone (T zone). For
the circumferential stress, acting as a compressive stress in the H zone, a tensile stress in the
low temperature zones (L zones), and in the T
zone is tensile stress or coexistence of tensile
stress and compressive stress. The maximum
compressive stress occurs in the H zone or at the
inner boundary of the T zone. The maximum
tensile stress occurs at the inner or the outer
boundary of the T zone.
The relationship between the radius of H zone
(rH) and the radius of T zone (rT) plays a
significant role in the variation of maximum
compressive/tensile stress. For the radial stress,
when the maximum compressive stress appears
at the inner boundary of T zone, rhTtmax
increases with the increase of the ratio of rH to
rT. For the circumferential stress, when the
maximum tensile stress appears at the inner
boundary of T zone, rhTtmax decreases with the
increase of the ratio of rH to rT; when the
maximum tensile stress appears at the outer
boundary of T zone, with the increase of the
ratio of rH to rT, rhTtmax first increases and then
decreases.
The results show that radial cracks are more
likely to develop than circumferential cracks.
The location of the initial fracture is most likely
pﬃﬃﬃ

located at radius rH  r\ 7  1 rH , that is in
the inner boundary of T zone, or a small distance
from H zone. This model provides a theoretical
and rigorous approach to obtain the thermal
stresses induced by a non-uniform temperature
field under microwave radiation—enabling
bounds to be placed on expected locations and
density of fracturing to develop within irradiated media.
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radial and tangential stresses at any point in the sphere
are given by:


Pr23 r 3  r13

ð43Þ
rr ¼  3  3
r r2  r13
rh ¼ 
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Pr23 r13 þ 2r 3
 3

2r 3 r2  r13

Temperature gradient induced stress
within a hollow sphere

Pressure, P, applied to the exterior surface
of a solid sphere
Based on elastic mechanics, if the outer part of the
solid sphere is subjected to uniformly distributed
pressure P, the three principal stresses at any point in
the sphere are all equal to—P, that is:
rr ¼ rh ¼ P

ð40Þ

where rr and rh refer to radial and tangential stresses,
respectively.

The temperature gradient induced thermal stress can
be treated as the case where a hollow sphere is under
free expansion with the temperature variations on the
inner and outer boundary are 4T and zero. Li et al.
(2003) deduced the equations for gradient induced
thermal stress generated on a hollow sphere with inner
diameter r1 and outer diameter r2:


 r12 r22
aEDT r1 r2
1 2
2
r
rr ¼
r
þ
r

þ
r
r
þ
r
þ
1
2
1
2
2
1  l r23  r13
r 1
r3
ð45Þ
rh ¼



 r12 r22
aEDT r1 r2
1 2
2
r
r
þ
r

þ
r
r
þ
r

1
2
1 2
2
1  l r23  r13
2r 1
2r 3
ð46Þ

Pressure, P, applied to the interior surface
of a hollow sphere
For a hollow sphere with the inner radius of r1,outer
radius of r2 and r2[[ r1, subjected to uniformly
distributed inner pressure P, the radial and tangential
stresses at any point in the sphere are separately
expressed as follows:

rh ¼

ð44Þ
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Appendix 1

rr ¼ 

40

Pr13
r3

Pr13
2r 3

Relationship between stress and strain
in the thermal expansion of a sphere
According to Hooke’s law, the relationship between
strain and stress at any point in a hollow sphere
deformed by thermal expansion are given by:

ð41Þ

1
eh ¼ ½rh  lðrh þ rr Þþat
E

ð42Þ

where er, eh, E, l, a and t refer to radial strain,
circumferential strain, Young’s moduli, Poisson’s
ratios, the coefficients of thermal expansion and
temperature.
The geometric equations satisfying the spherical
symmetry condition are expressed:

where rr and rh refer to radial and circumferential
stresses, respectively.
Pressure, P, applied to the exterior surface
of a hollow sphere
When the outer boundary of the hollow sphere is under
the action of uniformly distributed pressure P, the

eh ¼

ur
r

ð47Þ

ð48Þ

where ur, r refer to radial displacement and radius.
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Solving analytical solutions
According to Eqs. (43), (44), the radial and circumferential stresses produced by PTo(T-L) at the outer
boundary of T zone are given by(r1 = rH, r = r2 = rT):
rrToðTLÞ ¼ PToðTLÞ
rhToðTLÞ ¼ 

2rT3 þ rH3
PToðTLÞ
2r 3 ðrT3  rH3 Þ

ð49Þ

PHoðHL&TÞ ¼ PTiðHL&TÞ
2aH EH ET&L TH
¼
ð1 þ lT&L ÞEH þ 2ð1  2lH ÞET&L
ð57Þ

ð50Þ

According to Eqs. (47)–(50), the radial displacement produced by PTo(T-L) at the outer boundary of T
zone are given by:
uToðTLÞ

sphere with inner radius of rH and outer radius rL.
According to Eqs. (5), (6), (9), (14), (15), (40)–(42)
and (47)–(48), PHo(H-T&L) and PTi(H-T&L) and can be
written as:

r 3 ð1 þ lÞPToðTLÞ 2rT3 þ rH3
l
¼ T

3
3
E
2ðrT  rH Þ 1  l

According to Eqs. (41), (42), (54), the radial and
circumferential stresses produced by PLi(T-L) in the L
zone are given by:
aT&L ET&L TH rH ðrT  rH Þð2rH þ rT Þ

rrLðTLÞ ¼  
r3
3 1  lT&L
ð58Þ

ð51Þ
Similarly, according to Eqs. (45)–(48), the radial
displacement produced by temperature gradient at the
outer boundary of T zone and the radial displacement
produced by PLi(T-L) at the inner boundary of L zone
are given by(r1 = rH, r = r2 = rT):
uToðgÞ ¼

aTH rH3 ðrT3  rH3 Þð2rH3 þ rT3 Þ
2ðrT3  rH3 Þ

uLiðTLÞ

r 3 ð1 þ lÞPLiðTLÞ
¼ T
2E

ð52Þ

ð53Þ

ð54Þ

According to Eqs. (43)–(48), (54), (10), we obtain
the displacement on the inner boundary of the T&L
Zone induced by the temperature gradient in the T
Zone and constraint of the L Zone as zero:
uT&Liðg&TLÞ ¼ uTiðgÞ þuTiðTLÞ ¼0

ð55Þ

Furthermore PHo(T&L-H) and PTi(T&L-H) are induced
by the displacement on the inner boundary of the T&L
Zone (uT&Li(g&T-L)), therefore we have:
PHoðT&LHÞ ¼ PLiðT&LHÞ ¼ 0

ð56Þ

The compressive stress induced by the thermal
expansion of the H zone against the L&T Zone (PHT&L) can be treated as an inner pressure on the hollow

123

ð59Þ

According to Eqs. (43), (44), (54), the radial and
circumferential stresses produced by PTo(T-L) in the T
zone are given by:
aT&L ET&L TH rH ðrT  rH Þð2rH þ rT Þ

rrTðTLÞ ¼  
r 3 ðrT3  rH3 Þ
3 1  lT&L
ð60Þ

According to Eqs. (12), (51)–(53) and PTo(TL) = PLi(T-L), PTo(T-L) and PLi(T-L) are given by:
PToðTLÞ ¼ PLiðTLÞ
aT&L ET&L TH rH ðrT  rH Þð2rH þ rT Þ

¼ 
rT3
3 1  lT&L

aT&L ET&L TH rH ðrT  rH Þð2rH þ rT Þ

rhLðTLÞ ¼ 
r3
6 1  lT&L



aT&L ET&L TH rH ðrT rH Þð2rH þrT Þ rH3 þr 3

rhTðTLÞ ¼ 
r 3 ðrT3 rH3 Þ
6 1lT&L

ð61Þ
According to Eqs. (40), (57), the radial and
circumferential stresses produced by PHo(H-T&L) in
the H zone are given by:
rrHðHL&TÞ ¼ rhHðHL&TÞ ¼
2aH EH ET&L TH

ð1 þ lT&L ÞEH þ 2ð1  2lH ÞET&L
ð62Þ
According to Eqs. (41), (42), (57), the radial and
circumferential stresses produced by PT&Li(H-T&L) in
the T&L zone are given by:
rrL&TðHL&TÞ ¼
2aH EH ET&L TH
rH3

ð1 þ lT&L ÞEH þ 2ð1  2lH ÞET&L r 3

ð63Þ
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rhL&TðHL&TÞ ¼

aH EH ET&L TH
rH3
ð1 þ lT&L ÞEH þ 2ð1  2lH ÞET&L r 3
ð64Þ
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