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Abstract
Nonlinear elastodynamic response of fractured rocks carries crucial information on fracture features that can be exploited to 
forecast flow properties, friction constitutive behavior and poromechanical response. Well-controlled laboratory experiments 
are designed to measure the nonlinear elastodynamic response of Westerly granite in three states: dry intact, dry fractured 
and saturated fractured. We study the effect of fracturing and saturation in modifying the elastodynamic response of the 
rock. Each sample is tested at a normal stress level of 15 MPa. We measure the elastodynamic response of an intact L-shaped 
sample of Westerly Granite subjected to normal stress oscillations of prescribed amplitudes (0.2–1 MPa) and frequencies 
(0.1, 1, 10 Hz). Ultrasonic waves transmitted across the sample are used to monitor the evolution of wave velocity before, 
during and after dynamic stressing. The nonlinearity of the elastodynamic response is measured in terms of: (1) the offset in 
normalized wave velocity; (2) the amplitude of wave velocity fluctuation during the oscillations; and (3) recovery rate of the 
wave velocity post-oscillation. We observe that the three nonlinearity parameters show a similar trend. Irrespective of the 
parameter, the nonlinearity measures higher for sample in dry-intact condition than that for dry-fractured and the saturated-
fractured sample exhibits smaller nonlinearity than the dry-fractured sample. As expected, the saturated sample exhibits 
less nonlinearity than the dry intact and fractured samples due to the presence of interstitial fluid and the resulting increased 
interface stiffness. Conversely, the dry intact rock shows a higher nonlinearity than the dry fractured. We use numerical 
simulations to show that the presence of fracture significantly alters the strain distribution across the bulk of the sample and 
only the contacting asperities are highly strained, thus resulting in a decrease in the measured elastodynamic nonlinearity.

Keywords  Nonlinear elastodynamic response · Rock fracture · Contact acoustic nonlinearity · Dynamic acousto-elastic 
testing

1  Introduction

Nonlinear elastic properties of fractured rock have important 
implications in managing engineered geothermal systems, 
waste storage, and unconventional reservoirs (Berkowitz 
2002; Candela et al. 2015; Elkhoury et al. 2006, 2011). 
The nonlinear elastodynamic signatures of rock are rich in 
information on the microscopic characteristics of fracture 

interfaces, which also govern friction, fluid flow and seis-
micity (Bandis et al. 1983; Hudson et al. 1996; Pyrak-Nolte 
and Nolte 2016). Therefore, understanding the influence 
of fracturing and interstitial fluid on the elastodynamic 
response of rock is imperative in predicting its poromechani-
cal properties (Acosta et al. 2020; Rutter and Mecklenburgh 
2017, 2018). Even when macroscopically intact rocks exhibit 
strong elastic nonlinearity (Guyer and Johnson 2009), this 
nonlinearity is mainly due to their inherent heterogeneous 
microstructure. The nonlinearity of rocks manifests itself as 
strain-dependency in the elastic properties, hysteresis and 
slow dynamics (rate dependent and memory effects).

Earlier studies have reported on the nonlinear proper-
ties of rock using quasi-static analysis (Winkler and Liu 
1996; Winkler and McGowan 2004). In quasi-static experi-
ments, the sample is subjected to a gradual increase in the 
uniaxial stress or hydrostatic pressure, while changes in 
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the ultrasonic wave velocity are measured (acoustoelastic 
effect). The applied load is typically compressive to reflect 
natural in-situ conditions. Nonlinear behavior such as condi-
tioning and slow dynamics are reported in experiments using 
resonance-based methods (Johnson et al. 1996; Remillieux 
et al. 2016; Rivière et al. 2015; Ten Cate and Shankland 
1996; TenCate 2011; Van Den Abeele et al. 2000). More 
recently, dynamic acoustic-elastic testing (DAET) has been 
used in the laboratory to study the nonlinear elastodynamic 
behavior of rocks by measuring the strain-dependent vari-
ation in ultrasonic wave velocity and amplitude (Renaud 
et al. 2011, 2012, 2013a, b). Compared to resonance-based 
methods (Haupert et al. 2011; Johnson et al. 2009; Remil-
lieux et al. 2016; Rivière et al. 2014; Van Den Abeele et al. 
2000), which yield the average nonlinearity of the sample, 
DAET results are local and comprehensive (Lott et al. 2016; 
Renaud et al. 2016; Rivière et al. 2013). Another advantage 
of DAET is the resemblance of the experimental setup to 
field-scale processes (Johnson et al. 2009; Lawrence et al. 
2008; Renaud et al. 2014). In DAET, the nonlinearity is 
characterized by measuring the change in ultrasonic wave 
velocity and/or amplitude before, during and after low-fre-
quency perturbations (pump). Upon experiencing dynamic 
stress perturbation rocks exhibit a transient elastic soften-
ing inferred from the sudden drop in the ultrasonic wave 
velocity and amplitude. Following the perturbation, the wave 
velocity and amplitude slowly recover to the unperturbed 
state (slow dynamics). Field scale observations also show 
a decrease in seismic wave velocity in the vicinity of faults 
during an earthquake and subsequent recovery (Brenguier 
et al. 2008, 2014; Niu et al. 2008; Sens-Schönfelder and 
Eulenfeld 2019). This characteristic response (elastic soften-
ing and slow dynamics) is richly encoded with information 
on microstructures, fractures and contact mechanics.

Previous studies have reported smaller spectral ampli-
tudes for naturally fractured specimens in comparison to 
intact specimens (equivalent to a lower transmission coef-
ficient) and an upward shift in the peak frequency as the 
normal stress increases (Pyrak-Nolte et al. 1990). In addi-
tion, under saturated condition fluid present in fracture void 
spaces is found to increase the fracture specific stiffness 
(Pyrak-Nolte et al. 1990). Similarly, an increase in fracture 
stiffness with increasing confining pressure is also reported 
on artificial dry-fractured samples (Lubbe 2005). Both stud-
ies use quasi-static loading. Very recently, the influences of 
confining pressure and frequency on the nonlinear elasto-
dynamic properties of dry rock are reported using DAET, 
but only intact samples are tested (Rivière et al. 2016). The 
influence of saturation on the nonlinearity of intact rocks is 
also studied using resonance-based methods (Johnson et al. 
2004; Van Den Abeele 2002; Zinszner et al. 1997). 

The effect of fracture under in-situ stress has not yet been 
studied. This study focuses on fractured rocks; in particular, 

we use a DAET-like setup to investigate how fracturing 
alters the elastodynamic nonlinear response of a Westerly 
granite sample under in-situ stress conditions. Moreover, we 
report on the influence of saturation on the measured nonlin-
ear elastodynamic response. While the nonlinearity of intact 
rocks arises from the distribution of soft grain boundaries 
and microcracks (Guyer and Johnson 2009; Rivière et al. 
2015), the nonlinear elastodynamic response of fractured 
rock also includes the contact acoustic nonlinearity (CAN) 
due to the rough fractured interface. Our recent tightly con-
trolled laboratory experiments suggest a coupling between 
the dynamic stiffness and permeability transients in frac-
tured rock under true triaxial stress conditions (Shokouhi 
et al. 2020). A better understanding of the nonlinear elas-
todynamic behavior of fractured rock under in-situ stress 
is also essential in exploiting this coupling to predict the 
poromechanical properties of fractured rock.

2 � Experimental Methods and Sample 
Preparation

Well-controlled laboratory experiments are conducted to 
measure the nonlinear elastodynamic response of Westerly 
granite under triaxial stress conditions in three states: (1) dry 
intact; (2) dry fractured; and (3) saturated fractured. A biax-
ial loading apparatus (Elkhoury et al. 2011; Samuelson et al. 
2009) shown in Fig. 1a, is used to perform the experiments 
at 15 MPa normal stress loading conditions. The apparatus 
has two servo-controlled hydraulic pistons capable of apply-
ing vertical and horizontal loads in either displacement- or 
load-control modes, as shown in Fig. 1a. The horizontal pis-
ton is used to apply the normal loads in our experiments. The 
setup also includes a pressure vessel, as shown in Fig. 1a, to 
enable the application of confining pressure. All the stresses 
and pressures are recorded with a 10 V, 16-channel 24-bit 
analog-to-digital converter at a sampling rate of 10 kHz. 
Once the sample is loaded to the prescribed normal stress 
level (15 MPa), we actuate the horizontal piston to apply 
normal stress (low-frequency pump) oscillations of varying 
amplitudes (0.2–1 MPa) and frequencies (0.1–10 Hz). The 
horizontal piston is equipped with a load cell that measures 
the applied load to an accuracy of ± 5 N. A direct current dis-
placement transducer (DCDT) (Trans-Tek Inc., series 240) is 
placed inside the pressure vessel to measure the horizontal 
displacement to an accuracy of ± 0.1 µm.

An L-shaped sample of dimension 68 × 50 × 45 × 26 mm 
is machined from Westerly granite rock, as shown in Fig. 1c. 
The sample is placed between steel loading blocks embed-
ded with an array of piezoelectric transducers (PZTs, APC 
International Ltd, 6.5 mm in diameter), as shown in Fig. 1c. 
The sample is then placed inside the pressure vessel, as 
shown in Fig.  1b to carry out the experiments. Three 
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Fig. 1   a Schematic representation of the biaxial experimental setup; 
b Zoomed-in photograph of the sample assembly inside the pres-
sure vessel; c L-shaped sample placed between the steel blocks with 
embedded ultrasonic transducers to probe the evolution of wave 

velocity before, after and during the dynamic oscillations. The acti-
vated transducers are marked in gray; d Photograph showing the two 
fractured halves secured between the steel forcing blocks which are 
then re-mated together to place inside the pressure vessel

Fig. 2   Schematic representation of Westerly granite sample in three states: a Dry intact, b Dry fractured and c Saturated fracture
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separate experiments are carried out on a single L-shaped 
sample under the three conditions, as shown in Fig. 2. The 
first experiment is on the dry intact sample. The second 
experiment is initiated by fracturing the dry sample outside 
the pressure vessel under tension. The two fractured halves 
are then re-mated along the fracture and placed between the 
steel loading blocks to perform the tests, as shown in Fig. 1d. 
During the intact and dry-fractured experiments, the doors 
of the pressure vessel are left open, as shown in Fig. 1b. 
Finally, we conducted a test on the fractured sample in the 
saturated condition. To saturate the fracture surfaces, we 
flow deionized and de-aired water across the fracture. The 
steel loading platens have miniature flow-distribution holes 
at the top and bottom (as shown in Fig. 1d) to allow flow 
across the fracture via a differential pore pressure ( (Pp)avg = 
1.6 MPa). Due to the very low permeability of Westerly 
granite (<10−20 m2), it is reasonable to assume that the frac-
ture is saturated, while the bulk of the sample is not. During 
the saturated test, the sample is completely sealed in a rubber 
jacket and enclosed in the pressure vessel under a confining 
pressure of 3.8 MPa. Flow across the fracture is controlled 
by upstream and downstream pore-pressure intensifiers—
servo-controlled and fitted with an LVDT to measure volu-
metric flow rates. The average pore pressure is set such that 
the effective normal stress is similar to that for the dry 
experiments.

2.1 � Dynamic Stress Protocol

Once the sample is loaded to the prescribed normal stress 
level (15 MPa), we impose normal stress oscillations of 
varying amplitudes (0.2–1 MPa) and frequencies (0.1, 1, 
10 Hz), as shown in Fig. 3. The 0.4 MPa normal stress 
oscillation amplitude is repeated in between other ampli-
tude oscillations, as shown in Fig. 3, to check the possible 
permanent changes in the fractured medium. A 90-s hold 
time is allocated between subsequent oscillations to allow 
recovery. A similar set of oscillation amplitudes is used for 
1 Hz and 10 Hz frequency oscillations. In addition, we also 
repeat the 1 Hz oscillation amplitudes to check the reproduc-
ibility. Finally, the same oscillation protocol is used for all 

three sample conditions to enable comparison among the 
elastodynamic responses. 

2.2 � Ultrasonic Data Analysis

A Vantage™ Research Ultrasound system (Verasonics®) is 
used to generate ultrasonic pulses and to record the response. 
As shown in Fig. 1c, piezoelectric crystals or PZTs (center 
frequency of 500 kHz) are embedded in the steel blocks 
4 mm from the sample face to generate and receive ultra-
sonic pulses. PZTs are excited by a half sine wave pulse 
with a center frequency of 500 kHz (period T = 2 µs) with an 
amplitude of 96 V and pulse repetition frequency of 5 kHz. 
Out of the 9 transmitters and 12 receivers, only three trans-
mitters and four receivers in the center array of each steel 
block are activated during the test (transmitters are arranged 
in the right block and receivers are arranged in the left block, 
as shown in Fig. 1c). We also note that due to the complexity 
of the experimental setup, limited space inside the pressure 
vessel and the harmful effect of the confining oil, some of 
the cables connecting the transducers inevitably fail during 
the experiments. For the dry-fractured sample we only have 
results for a single transducer pair due to failure of other 
transmitters. The results presented here pertain to T2–R2 
pair for the dry-intact experiment and T3–R3 pair for the 
dry-fractured and saturated-fractured experiments (Fig. 4a).

Figure 5a, b shows the applied low frequency stress oscil-
lation and the ultrasonic waves that are generated before and 
during the stress oscillation for a normal stress of 15 MPa. 
To measure the stress-induced change in wave velocity dur-
ing the low frequency oscillation, the change in time (time 
shift) is calculated by cross correlation. We take a reference 
waveform during the unperturbed stress state. The refer-
ence waveform is then cross correlated with each subse-
quent ultrasonic wave pulses received during and after the 
low frequency oscillations. Here, signal 1 is the reference 
waveform obtained during the unperturbed stress state and 
signal 2 is taken during the low frequency stress oscillation, 
as shown in Fig. 5a, b. The window for the cross-correlation 
is selected carefully to include only the first p-wave arrival 
signal, as shown in Fig. 5c. The maximum of the cross-
correlation function between the two signals gives the time 

Fig. 3   Overview of the imposed 
normal stress oscillations on the 
sample for a 0.1 Hz frequency 
oscillation. The hold time 
between subsequent oscillations 
is 90 s
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shift value. Due to the second-order nature of the nonlinear-
ity effects, the calculated time shift is very small, typically 
on the order of 1 ns, and smaller than the sampling time 
(40 ns). In other words, the sampling time resolution is not 
fine enough to allow us to estimate the time shift accurately. 
We use a second-order polynomial fit as a means of ‘up-
sampling’ to improve the time shift estimation, as shown in 
Fig. 5d. The inset in the figure shows an example, where the 
cross-correlation peak is shown both with and without the 
polynomial fitting. The identified peak shifts from the red 
marker to the green marker, which improves the time-shift 
estimation. The measured time shift from all the ultrasonic 
waveforms with the reference waveform is shown in Fig. 5e. 
The wave velocity is then measured using the calculated 
and refined time shift, p-wave arrival time and the thickness 
of the sample without accounting for the small change in 
thickness due to loading. The displacement measurement 
shows that the change in thickness due to loading (including 
both static load and dynamic oscillation) is less than 23, 21 
and 5 microns for dry-intact, dry-fractured and saturated-
fractured experiment, respectively. The effect of such small 

thickness changes on the measured nonlinearity parameters 
is negligible.

3 � Nonlinear Elastodynamic Response

We measure the ultrasonic response of the Westerly 
granite sample subjected to normal stress oscillations 
of prescribed amplitudes (0.2–1 MPa) and frequencies 
(0.1–10 Hz). The nonlinearity of each sample is evaluated 
by measuring the stress dependency of the wave velocity. 
Only three transmitters and three receivers are functional 
during this experimental series, and here, we only present 
the results pertaining to one transmitter–receiver pair for 
each sample condition (shown in Fig. 4a, ). Fig. 4b repre-
sents a typical example of an applied normal stress oscilla-
tion and the corresponding changes in the ultrasonic wave 
velocity. Upon dynamic stressing, the wave velocity drops 
almost instantaneously (i.e., the rock sample suddenly sof-
tens) and oscillates at the frequency of stress oscillation 
and its higher harmonics, as shown in Fig. 4b. We measure 
the nonlinearity of the rock in terms of three parameters: 

Fig. 4   a Schematic representation of the ultrasonic transmitter and 
receiver wave path across the fracture; b Example of the applied 
normal stress oscillation and the corresponding change in ultrasonic 
wave velocity for a 0.1  Hz-frequency oscillation. The drop-in wave 
velocity ( Δc ), pre-oscillation wave velocity c0 averaged over a 1-s 

window, wave velocity amplitude change ( dc ) and the recovery of 
wave velocity ( rc ) post oscillations are all marked; c Relative velocity 
change ( Δc∕c0) vs. imposed stress during the non-equilibrium steady-
state regime
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(1) the drop in wave velocity ( Δc) due to dynamic stress-
ing—sometimes referred to as the offset; (2) the average 
amplitude of the wave velocity fluctuations ( dc ) during 
the imposed oscillations (excluding 2 cycles at the begin-
ning and at the end), which is related to the second har-
monic content; and (3) the recovery rate of velocity ( rc ) 
post oscillation, assuming a time-logarithmic trend (Shok-
ouhi et al. 2017a, b; Ten Cate and Shankland 1996). The 
average amplitude of the wave velocity fluctuations or the 
second harmonic content of the wave velocity is meas-
ured using a projection procedure detailed in Rivière et al. 
(2013). To measure the recovery rate ( rc ), we use the evo-
lution of wave velocity over a 90-s data post the termina-
tion of each oscillation amplitudes, as shown in Fig. 45b. 
Both Δc and dc are normalized by the pre-oscillation wave 
velocity (c0) averaged over a 1-s window preceding the 
oscillations, as illustrated in Fig. 4b. Figure 4c shows rela-
tive velocity changes ( Δc∕c0 ) vs. normal stress during the 
steady-state regime marked in Fig. 4b.

4 � Results

The nonlinear elastodynamic response of the sample is exam-
ined in three states (dry intact, dry fractured, and saturated 
fractured) and in terms of three nonlinear parameters (relative 
wave velocity change ( Δc∕c0 ), average wave velocity ampli-
tude change ( dc∕c0) and wave velocity recovery rate ( rc ). 
Specifically, we compare the response in these three states 
and demonstrate how the measured parameters change with 
normal stress oscillation amplitude and frequency. Figure 6 
shows an example of how wave velocity changes with respect 
to the applied normal stress oscillations of varying amplitude 
and frequency under a normal stress 15 MPa for dry fractured 
sample. As mentioned earlier, the results presented here per-
tain to T2–R2 pair for the dry-intact experiment and T3–R3 
pair for the dry-fractured and saturated-fractured experiments 
(refer to Fig. 4a).

Fig. 5   Excerpt from saturated-fractured sample showing the proce-
dure to calculate time shift. a Applied low-frequency normal stress 
oscillation. b Ultrasonic waveforms sent before and during the low 
frequency stress oscillation. c Reference waveform signal 1 taken 
during unperturbed stress state and signal 2 taken during the low 

frequency oscillation is shown for comparison. d Time shift is calcu-
lated by cross correlating the reference waveform signal 1 and signal 
2. e Measured time shift from cross correlation of all the waveforms 
with the reference waveform
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4.1 � Amplitude‑ and Frequency‑Dependency 
of 1c∕c0

The nonlinear parameter Δc∕c0 is plotted against the applied 
normal stress oscillation amplitude (0.2–1 MPa) in Fig. 7. 
The uncertainty in the measurement of Δc∕c0 (measured 
using the standard error of the mean Δc and c0 during the 
1-s window, as shown in Fig. 4b) is also plotted in Fig. 7 for 
all three-sample state, although not visible. The uncertainty 
in the measurement of Δc∕c0 is relatively small as shown in 
the inset of Fig. 7b. In addition, the repeated 1-Hz oscillation 

shows the measurements are reproducible. Overlapping of 
the measurements corresponding to the three 0.4MPa oscil-
lation amplitudes also confirms that there are no permanent 
damages in the system between the large oscillation ampli-
tudes. The sample’s response is more nonlinear if the abso-
lute value of Δc∕c0 is larger at a given oscillation amplitude 
and frequency. As shown in Fig. 7a, Δc∕c0 of the intact sam-
ple increases as the normal stress amplitude increases. In 
addition, the nonlinearity seems to increase with the oscilla-
tion frequency. This trend closely resembles previous obser-
vations in dry intact Berea sandstone (Rivière et al. 2016). 

Fig. 6   Excerpt from dry 
fractured sample wave veloc-
ity evolution due to normal 
stress oscillations of vary-
ing amplitude (0.2–1.0 MPa) 
and frequency (0.1 Hz, 1 Hz, 
10 Hz) under a normal stress 
of 15 MPa. Inset shows the 
velocity for the various normal 
stress oscillation amplitudes for 
a frequency of 0.1 Hz
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Similar trends are observed for the fractured sample in dry 
(Fig. 7b) and saturated (Fig. 7c) states. The results for the 
saturated-fractured sample at 1 Hz are also comparable to 
our previous observations on in-situ-stressed fractured sam-
ples of Westerly granite (Shokouhi et al. 2020). We observe 
that the saturated-fractured sample exhibits less nonlinearity 
than both the dry intact and fractured samples. For an intact 
sample, saturation decreases the pore compressibility, which 
increases wave velocity (Winkler and McGowan 2004) and 
decreases nonlinearity (Johnson et al. 2004; Ostrovsky and 
Johnson 2001). A decrease in the nonlinearity of an intact 
saturated rock sample has also been reported by Van den 
Abeele et al. (2002), Johnson et al. (2004) using a reso-
nance-based method. For the saturated-fractured sample, the 
decrease in the measured nonlinearity is due to the presence 

of the highly incompressible fluid and the resulting increased 
interface stiffness.

4.2 � Amplitude‑ and Frequency‑Dependency 
of dc∕c0

Figure 8 shows the normal stress amplitude- and frequency-
dependency of the second extracted nonlinearity parameter 
dc∕c0 of the sample in the three states. The uncertainty 
in the measurement of dc∕c0 is also plotted in Fig. 8 for 
all three-sample state and it is relatively small. Similar to 
Δc∕c0 , dc∕c0 scales linearly with amplitude although, the 
trend here is clearer. A linear dependency is also apparent 
in dry intact Berea sandstone (Rivière et al. 2015). In addi-
tion, there is no discernible dependency on the frequency 
of oscillations. This observation aligns with that reported 

Fig. 7   Dependencies of relative velocity change Δc∕c0 on the ampli-
tude and frequency of normal stress oscillations. a Dry intact; b Dry 
fractured and c Saturated-fractured samples. Note that because of the 

inefficiency of the loading system at higher frequencies, the applied 
normal stress oscillation amplitudes are slightly lower for the 10 Hz 
oscillation compared to other frequency oscillations

Fig. 8   Dependencies of average wave velocity amplitude change dc∕c0 on the amplitude and frequency of normal stress oscillations. a Dry 
intact; b Dry fractured and c Saturated-fractured samples
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in a previous study (Rivière et al. 2016), where dc∕c0 or 
the second-harmonic amplitude is observed to be independ-
ent of the imposed oscillation frequency. Similar to what 
is observed for Δc∕c0 , the dry intact sample’s response 
shows more nonlinearity than the dry fractured sample, 
which in turn exhibits more nonlinearity than the saturated-
fractured sample.

4.3 � Recovery Rate

The recovery rate captures the late-time slow dynamic 
behavior of the three sample conditions. Following the 
dynamic perturbation, the wave velocity drops due to an 

instantaneous elastic softening, as shown in Fig. 4. Once the 
oscillation is removed, the wave velocity slowly increases 
towards the pre-oscillation value ( c0 ). The 90-s hold time 
between successive oscillations is sufficient for most of the 
relaxation to take place, although a full recovery may take 
significantly longer (Renaud et al. 2012). From a practical 
standpoint, waiting hours between oscillations to allow for 
full relaxation to take place is not feasible. Moreover, the 
focus of this paper is comparing the elastic nonlinearity in 
three different conditions rather than measuring the abso-
lute nonlinearities. Since we maintain the same 90-s hold 
times for all sample conditions, such a comparison remains 
valid. In addition, we repeat 0.4 MPa oscillations in between 
larger amplitude oscillations. The almost overlapping Δc∕c0 
values (see Fig. 7) are an indication that the influence of the 
irrecoverable changes (caused by not waiting long enough) 
on our measurements is insignificant. Regardless of the 
state, the wave velocity follows a time-logarithmic trend as 
illustrated in Fig. 9 for a dry fracture sample with 1 MPa-
oscillation at 0.1 Hz. This observation is consistent with 
previous observations (Shokouhi et al. 2017a; Ten Cate and 
Shankland 1996), where a late-time time-logarithmic recov-
ery is reported.

To measure the recovery rate, the late-time recovery 
of wave velocity is described by an equation of the form 
c = rclog(t) + p shown as fit in Fig. 9, where rc and p are 
the slope (recovery rate) and intercept, respectively. Fig-
ure 10 shows the amplitude- and frequency-dependency of 
the slope rc . We observe that rc increases with the normal 
stress oscillation amplitude and decreases with the frequency 
of oscillations. Of the three sample states, rc is the largest for 
the dry intact sample and smallest for the saturated-fractured 
condition. This observation is consistent with that reported 
for the other two nonlinearity parameters discussed above. 
Moreover, this consistent observation further reinforces the 

Fig. 9   Example showing the 90-s velocity data after the oscillation is 
used to fit the late time logarithmic trend by an equation of the form 
c = rclog(t) + p , where rc and p are the slope (recovery rate) and 
intercept, respectively

Fig. 10   Dependencies of log(t) recovery rate rc on the amplitude and frequency of normal stress oscillations. a Dry intact; b Dry fractured and c 
Saturated-fractured samples
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fact that although unknown, the physical mechanisms for 
conditioning or elastic softening (measured by Δc∕c0 ) and 
recovery or slow dynamics (measured by rc) may be simi-
lar (i.e., opening and closing of microcracks, grain–grain 
contacts, soft inclusions) as reported by Johnson and Sutin 
(2005).

5 � Discussion

Here we investigate the surprising result that dry-fractured 
sample exhibits higher nonlinearity than the dry-intact sam-
ple and propose a hypothesis for the observed behavior. We 
also investigate the effect of mating fractured surfaces and 
confining pressure/bounday condition on the measured non-
linear elastodynamic respose. Finally, we discuss the impli-
cations of our results in geophysical applications.

5.1 � Dry‑Intact vs. Dry‑Fractured

The three nonliearity parameters Δc∕c0 , dc∕c0 and rc all 
behave in a similar fashion. Interestingly, the sample when 
dry and intact exhibits higher nonlinearity than when dry 
and fractured. This observation is surprising, since the pres-
ence of the fracture and associated contact acoustic nonlin-
earity (Jin et al. 2018, 2020) should result in greater non-
linearity. One hypothesis is that the presence of the fracture 
alters the strain distribution across the fractured sample such 
that the bulk of the sample remains insufficiently strained to 
exhibit nonlinearity—it is acoustically isolated. To test this 
hypothesis, we performed a 2D numerical simulation using 
COMSOL Multiphysics® version 5.4 (COMSOL 2019) to 
compare the strain distribution across an intact sample with 
that for a fully fractured sample, where a rough contact 
interface (sinusoidal in nature) presses against a flat sur-
face of the same material (see Fig. 11). The thickness of 

the sample is chosen to be similar to our actual sample size 
(26 mm). Young’s modulus and Poisson’s ratio are assumed 
to be 60 GPa and 0.6, respectively. The interaction between 
the contact surfaces is established by a surface-to-surface 
contact pair algorithm. The friction between the surfaces is 
controlled by the static coulomb friction model with a fric-
tion coefficient of 0.3. To simulate the exact experimental 
conditions, we follow a two-step analysis. Initially, a sta-
tionary (static) step is applied to simulate the normal load 
by applying a horizontal displacement (10 µm) uniformly 
on the right end of the model, as shown in Fig. 11. This 
produces a normal stress of 15 MPa in the sample. Second, 
a frequency-domain step is added to simulate the dynamic 
oscillation by applying a forced excitation on top of the dis-
placement load, as shown in Fig. 11. Other boundary con-
dition includes a fixed BC on the left end of the model. 
Figure 11 shows the strain in the x-direction for an intact 
and fractured sample for an oscillation frequency of 10 Hz. 
Comparing the strain fields in the models, we observe the 
uniform strain in the intact sample while the strain is non-
uniformly distributed when fractured. Although the strain is 
higher in the fractured model, only the contacting asperities 
are highly strained while strain in bulk of the sample remains 
relatively low compared to intact model. This observation 
is similar irrespective of the applied frequency. To activate 
the nonlinearity of a medium the applied strain must be suf-
ficiently high (Pasqualini et al. 2007; Guyer and Johnson 
2009; Van Den Abeele 2007). In other words, the measured 
nonlinearity depends on the strain the sample experiences; 
the nonlinearity of the fractured sample is less than that for 
the intact sample, because the strain experienced by the bulk 
of the fractured sample is smaller than experienced by the 
intact sample. The strain distribution in the fractured sample 
depends on the fracture interface roughness including the 
size and distribution of asperities. Irrespective of the frac-
ture roughness, we expect high stress concentrations on the 

Fig. 11   2D Finite-element 
simulations comparing the 
axial strain distribution ( �xx ) of 
an intact sample and a rough 
fracture surface in contact with 
a flat surface
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asperity contacts with the bulk of the sample experiencing 
less strain leading to a smaller measured nonlinearity than 
that measured for the intact sample.

5.2 � Effect of Mating Fractured Surfaces

Our results show that the saturated-fractured sample is less 
nonlinear than the dry-fractured sample. Saturating the frac-
tured surfaces with highly incompressible fluid increases the 
interface stiffness, which in turn decreases the measured 
nonlinearity. A possible source of variation between the 
measured nonlinearities for the specimen in dry-fractured 
and saturated-fractured conditions is differences in re-mat-
ing of the two fractured surfaces when conducting the two 
experiments. However, when we repeat the saturated-frac-
tured experiment using the same sample, we observe that 
Δc∕c0 vs. normal stress oscillation amplitude is fairly similar 
between the two experiments, as shown in Fig. 12, compar-
ing the results from the same transducer pairs. Importantly, 
nonlinearity measured in both experiments is significantly 
smaller than that measured in the dry-fractured condition. 
These results confirm that the effect of possible misalign-
ment on the reported results is small.

5.3 � Effect of Boundary Condition/Confining 
Pressure

Saturated-fractured experiment is conducted under a confin-
ing pressure of 3.8 MPa while keeping the effective normal 
stress at ~ 15 MPa and the sample completely sealed in a 
rubber jacket. However, the two dry experiments are con-
ducted at a normal stress of 15 MPa at ambient pressure. In 
other words, the pressure boundary conditions are exactly 
the same for the sample in dry intact and fractured con-
ditions, but it differs for the sample in saturated-fractured 
condition. We carried out an additional set of experiments 
to investigate the influence of varying boundary conditions 

on the reported results for the sample in dry-fractured con-
dition. The same fractured sample is re-mated, completely 
sealed in a rubber jacket and enclosed in the pressure ves-
sel to simulate the similar boundary conditions to those in 
saturated-fractured experiment. The confining pressure ( Pc ) 
is increased from 0 to 3.8 MPa, 7 MPa and 10.3 MPa while 
maintaining the effective normal stress (�eff = �N + 0.321Pc) 
constant at ~ 15 MPa. In this equation, 0.321 is the ratio of 
the surface area covered by the horizontal piston (pressed 
against the sample) and the remaining surface area of the 
sample uncovered by the piston. The dynamic stress oscil-
lation protocol is similar to the one shown in Fig. 3, except 
that we only apply 1-Hz frequency oscillation of varying 
amplitudes.

Figure 13 shows the results obtained using two transducer 
pairs (T2–R2 and T3–R3, refer to Fig. 4a) when testing the 
fractured sample. Figure 13a illustrates that the relative 
velocity change Δc∕c0 vs. the applied normal stress oscil-
lation amplitude measured for T3–R3 at �N = 15 MPa and 
Pc = 0 MPa is similar to the results reported in Fig. 7b for 
the same transducer pair (Note the scale difference between 
Fig. 7b and 13a). Besides small variations possibly due to 
re-mating of the fractured surfaces between the two experi-
ments, the slight decrease in the Δc∕c0 in Fig. 13a com-
pared to that shown in Fig. 7b may be attributed to the per-
manent changes in the fractured medium due to repeated 
experiments carried out on this sample. Importantly, the 
measurements at �N = 13.5 MPa and Pc = 3.8 MPa shown 
in Fig. 13b are similar to the results obtained at ambient 
pressure shown in Fig. 13a, although the data shows larger 
scatter. Increasing the confining pressure to 10.3 MPa does 
not appear to change Δc∕c0 (no data are available for Pc = 
7 MPa). Considering the results corresponding to the other 
available transducer pair (T2–R2) shown in Fig. 13e–h, 
we do not observe much change in Δc∕c0 with increasing 
confining pressure except at Pc = 10.3 MPa, where a slight 
decrease is recorded. These observations suggest that the 

Fig. 12   Relative velocity change 
Δc∕c0 vs. the applied normal 
stress oscillation amplitude for 
two saturated-fractured experi-
ments conducted using the same 
fractured sample independently 
at two different times: a results 
reported previously in Fig. 7c, 
b results obtained on the same 
sample at a later time. The simi-
larity of the two sets of results 
indicates that the variation due 
to the differences in re-mating 
of the fracture surfaces is small
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effect of confining pressure on the measured nonlinearity of 
dry-fractured sample is small and that the nonlinearity of the 
dry-fractured sample measures larger than that for saturated-
fractured sample with the same boundary conditions.

5.4 � Geophysical Prospection

The reported nonlinear elastodynamic response has impli-
cations in deep reservoirs, particularly near fractures or 
fault zones. An effective stress of 15 MPa in our experi-
ment represents in-situ stress conditions at ~ 1 km depth 
below the surface. A study by Rivière et al. (2016) on dry-
intact sandstone under varying confining pressure between 
0.1 and 30 MPa has shown that the nonlinearity decreases 
by an order of magnitude as the pressure increases from 
0 to 10 MPa and further decreases exponentially from 10 
to 30  MPa. Although the microstructural mechanics at 
play is unclear, the decrease in nonlinearity is attributed 
to crack closure under high pressures. Further experiments 
are needed to determine whether the nonlinearity of a frac-
tured sample continues to decrease or saturates under high 
stresses. Nevertheless, high elastic nonlinearity can still be 
observed in deep but fluid over-pressured zones, where the 
effective stress is typically low due to the presence of unu-
sually high pore fluid pressure (Aminzadeh and Dasgupta 
2013).

6 � Conclusion

We report the nonlinear elastodynamic response of the West-
erly granite rock in three conditions: dry intact, dry fractured 
and saturated fractured. The nonlinearity of each sample 
is evaluated by measuring the stress-dependency of wave 
velocity. The effect of fracturing and saturation in modifying 
the elastodynamic response is studied using three nonlin-
ear parameters: wave velocity offset due to imposed normal 
stress oscillations, amplitude of wave velocity fluctuation 
during the oscillations and recovery rate of wave velocity 
post oscillations. The observations for all three nonlinear 
parameters are consistent. Our findings indicate that the sat-
urated-fractured sample exhibits less nonlinearity than both 
the dry-intact and dry-fractured samples. In addition, the dry 
fractured sample appears less nonlinear than the dry-intact 
sample. The smaller measured nonlinearity for the fractured 
sample is attributed to a non-uniform strain distribution 
across the fractured sample such that bulk of the sample is 
not sufficiently strained to activate the nonlinearity.

Understanding the nonlinear elastodynamic response of 
fractured rock in different states offers the promise of illu-
minating the coupling between fracture stiffness and perme-
ability transients and enabling remote and non-destructive 
characterization of these behaviors in situ. Our future experi-
ments on saw-cut samples of uniform roughness will be used 

Fig. 13   Relative velocity change Δc∕c0 vs. the applied normal stress 
oscillation amplitude for the dry-fractured samples at varying com-
binations of confining pressure and normal stress. The confining 
pressure and normal stress are chosen, such that the effective normal 
stress is kept constant at ~ 15 MPa in all cases. The top row (a–d) cor-

responds to transducer pair T3–R3, while the bottom row (e–h) cor-
responds to T2–R2 pair. a, e �N = 15 MPa and Pc = 0 MPa; b, f �N = 
13.5 MPa and Pc = 3.8 MPa; c, g �N = 12.3 MPa and Pc = 7 MPa; d, 
h �N = 11 MPa and Pc = 10.3 MPa
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to quantify the effect of fracture roughness in modifying the 
elastodynamic response. This understanding will be further 
aided by analytical contact models to predict the elastody-
namic response of fractured rock including both the effects 
of saturation and friction.
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