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A B S T R A C T   

Coal permeability is significantly affected by the multi-scale pore-fracture size distribution. More importantly, 
the pore-fracture size is changed by the effective stress, swelling/shrinkage under the influence of gas sorption, 
and different flow mechanisms. In conventional dual-porosity models, these effects are normally studied sepa-
rately and the impacts of heterogeneous structure on permeability are neglected. In this study, a dual-fractal 
permeability model was proposed to quantitatively investigate the impacts of coal internal structure on the 
permeability. In the improved permeability model, the fractal dimension and the pore-fracture size of the coal 
are linked with porosity, which are dependent on the evolution of effective stress and matrix shrinkage. Besides, 
multiple flow mechanisms were also incorporated into the model. The proposed model was verified with field 
data and achieved a good agreement. The sensitivity studies and model results indicate that: (1) pore/fracture 
size distributions affect the contribution ratios of versatile flow regimes and to total gas flux and the total 
permeability; (2) fractal dimensions of matrix and fracture systems increase with the decline of pore pressure; (3) 
increment of matrix permeability is jointly decided by the transition of flow regime and effective stress, while the 
fracture permeability is dominated by effective stress.   

1. Introduction 

With the depletion of conventional natural gas, there is an increasing 
demand for the exploration and exploitation of unconventional natural 
gas. Typically, coal seam gas (CSG) is a vital substitute that can relieve 
the energy supply shortage, especially for China, which has deposits 
ofc1.25 × 1013m3 [1]. Coal permeability is the dominant factor con-
trolling CSG recovery efficiency. Therefore, it is important to have a 
comprehensive understanding of the influential factors of permeability. 
To this end, a multitude of investigations has been conducted to reveal 
the impacts of stress [2–4], gas sorption-induced coal swelling [5–8] and 
anisotropy [9–11] on permeability evolution. However, the majority of 
models are based on continuum media, and the impacts of the hetero-
geneous structure of coal on permeability are neglected. 

Coal structure exhibits multi-scale heterogeneity, and the pore size in 
matrix spans from micrometre to nanometre scales, which affects gas 
transport and storage capability substantially [12,13]. The heteroge-
neous pore structure of coal is characterised by the multiscale pore size 
distribution (PSD), connectivity and the tortuous gas flow path [14]. For 
both gas recovery and CO2 sequestration, gas transport mechanisms in 

coal are governed by pore diameter as well as pore pressure. The 
Knudsen number (Kn), defined as the ratio between the molecular free 
path and characteristic length, is extensively applied to characterise 
flow regimes. The gas flow regimes include viscous flow (Kn < 0.001), 
slip flow (0.001 < Kn < 0.1), transitional flow (0.1 < Kn < 10) and free 
molecular flow (Kn > 10). According to the definition of the Knudsen 
number, pore size distribution determines the flow regimes in micro-
pores when pore pressure remains constant. Therefore, the pore struc-
ture of coal has a significant impact on the apparent permeability of the 
coal matrix. Different distribution functions have been employed to 
study the effect of PSD on apparent permeability, demonstrating that 
permeability is highly sensitive to the variation of the distribution 
function [15,16]. When the proportion of micropores is larger, the 
specific surface is also larger, providing much more adsorption space for 
coal seam gas [15]. The original gas in place (OGIP) and corresponding 
sorption-induced swelling can be affected significantly as well. For coal 
seams at different depths, coal swells or contracts greatly depend on PSD 
[17]. In addition to porosity, the tortuosity of pore structure is an 
essential parameter for permeability prediction, which reflects the ratio 
between the actual flow length and the characteristic length of the coal 
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sample. According to the Kozeny-Carman model, there is a negative 
correlation between permeability and tortuosity [18]. A theoretical 
investigation indicates that large tortuosity can increase the resistance 
of gas transport [19]. 

In recent years, the fractal approach has been widely utilised to 
investigate the multi-scale distribution of pore size. Research results 
indicate that the distribution of pore sizes exhibits scale-affine fractal 
characteristics for coal samples, which necessitate the investigation of 
multi-scale effects on gas transport capacity [20–22]. X-ray computed 
tomography (CT) and the mercury intrusion technique have been 
extensively applied to reveal the microscopic structure based on the 
digital morphology of coal [23–25]. Therefore, permeability models 
based on fractal theory have been proposed to incorporate the impacts of 
PSD and tortuosity. Yu et al. [26] proposed a permeability model based 
on fractal theory for porous media, which incorporates the basic pore 
structure parameters. Based on that, the fractal permeability model has 
been extended to coal and shale [27,28]. However, these studies on 
fractal theory did not consider the effects of effective stress and gas 
adsorption on gas transport, which dominate the gas recovery and gas 
injection processes for ultra-low permeability reservoirs. Currently, 
most studies concerning fractal permeability are based on the static 
fractal dimension, which is not consistent with practical situations. Our 
previous study [29] used the fractal approach to couple gas flow and 
coal deformation, but the evolution of the pore-fracture size when the 
effective stress changes was not accommodated in the coupling-based 
simulation. According to the results of [30,31], the pore diameter in 
the fractal permeability would decrease with the increase of effective 
stress. Hence, it is highly essential to incorporate the evolution of pore- 
fracture size change in the fractal-based permeability model. As the 
fractal dimension represents the heterogeneity of the reservoir, it can 
vary when gas pressure decreases and the initial equilibrium fails [32]. 
Effective stress and sorption-induced swelling stress can contribute 
significantly to pore contraction or enlargement, thereby altering 
reservoir permeability. 

As reviewed above, multitudes of permeability models have been 
proposed to incorporate gas sorption-induced coal deformation and gas 
flow in coal seam gas extraction to reveal the dominant mechanisms 
controlling permeability evolution [33–35]. However, these studies are 
based on the assumption that coal structure is homogeneous and the 
scale effect have been disregarded. Consequentially, few studies 
consider the effects of the intrinsic structural heterogeneities of coal on 
permeability and gas migration. Despite the recent applications of 
fractal theory on coal structure characterisation through experimental 
approaches, the geo-mechanics and gas adsorption are not accommo-
dated. Therefore, this study proposes an effective stress-dependent 
fractal permeability model to fully couple the coal deformation, gas 
flow and gas desorption. The major assets of this model include (1) fine 
characterisation of matrix-fracture heterogeneities by a dual-fractal 
approach; (2) integration of the fractally-distributed micro-structures 
into the multiphysics coupling model. Based on this model, the impacts 

of structural heterogeneity on permeability evolution are quantitatively 
investigated. Field data are selected to verify the feasibility and 
robustness of the model. Finally, the impacts of pore-fracture size and 
fractal parameters on intrinsic permeability and permeability evolution 
are investigated. Based on that, the contributions of various mechanisms 
to permeability enhancement, including the flow regime, effective stress 
and matrix shrinkage, are illustrated and compared. 

2. Model formulation 

In this section, a dual-porosity model is formulated to simulate gas 
transport in heterogeneous coal. Coal matrix heterogeneity is charac-
terized by pore size distribution (PSD) and pore tortuosity. In the con-
tinuum model, coal deformation and gas flow are coupled by a fractal- 
based permeability model and mapped into the same domain with the 
overlapping approach for the subsequent simulation, as illustrated in 
Fig. 1. The simulation of this study is based on a single porosity model. 
The basic assumptions are as follows: (a) coal is an anisotropic and 
elastic continuum; (b) strains are much smaller than the length scale; (c) 
gas contained within the pores is ideal, and its viscosity is constant under 
isothermal conditions; (d) conditions are isothermal; (e) coal is satu-
rated by gas; (f) PSD follows fractal scaling laws in the coal deformation 
process. 

2.1. Governing equations for coal deformation 

The relationship between strain and displacement is given by 

εij =
1
2
(
ui,j + uj,i

)
(1)  

where εij is the component of the total strain tensor, ui is the component 
of the displacement, the force equilibrium equation can is defined as: 

σij,j + fi = 0 (2)  

where σij denotes the component of the total stress tensor, fi denotes the 
component of the body force. The constitutive relation of effective stress 
is defined as [37] 

σij =

(

K −
2G
3

)

εkkδij + 2Gεij − βpf δij − αpmδij − Kεsδij (3)  

where G is shear modulus, K is the bulk modulus,K = E/3(1 − 2v), ν is 
Poisson’s ratio of coal matrix, α and β are the Biot coefficient,α =

1 − K/Ks, β = 1 − K/Kf Ks is the bulk modulus of coal grains,p is pore 
pressure, δij is Kronecker delta, and εs is sorption-induced strain. Ac-
cording to the mechanical equilibrium equation of the solid medium 
under effective stress, the equation governing coal deformation is 
formulated as [37]: 

Fig. 1. Fracture-matrix structure of coal: (a) CT image of the matrix-fracture structure (CT image from [36]; (b) the fracture system; (c) the multiscale pores in 
coal matrix. 
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Gui,kk +
G

1 − 2νuk.ki − αpmi − βpfi − Kεs,i + fi = 0 (4) 

The Langmuir type equation has been widely applied to represent the 
sorption-induced strain in previous reports and is given by [38,39]: 

εs =
εLpm

pm + pL
(5)  

where εL and pL are Langmuir strain constants, εL is the ultimate strain 
when pressure tends to infinity, and pL is the pressure when the sorption 
strain is the half value ofεL. 

2.2. Governing equations for gas flow 

The balance equation combined with Darcy’s law for gas flow 
through coal is expressed as: 

∂m
∂t

+∇⋅
(

− ρg
k
μ∇p

)

= Qs (6)  

where ρg is the gas density in pore space, ρg = Mgp/(RT), k is the 
apparent permeability, and Qs is the source or sink term. The mass 
change in REV includes both of the free and adsorbed gas and can be 
written as: 
⎧
⎪⎨

⎪⎩

mm = ρgϕm + ρgaρc
VLpm

pm + pL

mf = ρgϕf

(7) 

Substituting Eq. (7) into (6), the mass balance equation can be 
rearranged to give: 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

[ϕm + ρgaρc
VLpm

pm + pL

]
∂pm

∂t
+ pm

∂ϕm

∂t
+∇⋅

(

−
km

μ pm∇⋅pm

)

= ω
(
pf − pm

)

ϕf
∂pf

∂t
+ pf

∂ϕf

∂t
+∇⋅

(

−
kf

μpf∇⋅pf

)

= − ω
(
pf − pm

)

(8)  

where ω is the transfer coefficient between coal matrix and fractures, 
which is defined as: 

ω = 8
(

1 +
2
a2

)
km

μ (9)  

where a is the shape factor of coal matrix. 

2.3. Dynamic permeability model for coal matrix 

When gas flows through the micropores of the coal matrix, the pore 
throat size is comparable to the molecular free path, the rarefaction 
effect becomes pronounced and the non-Darcy flow gradually domi-
nates. Knudsen number (Kn) is used to divide the various flow regime 
based on pore size and pore pressure, as shown in Fig. 2. The relation-
ship between the Knudsen number and the molecular free path is 
defined as: 

Kn =
λ
h

(10)  

where the molecular free path (λ) is given by: 

λ =
KBT
̅̅̅
2

√
πdcp

=
μ
p

̅̅̅̅̅̅̅̅̅
πRT
2Mg

√

(11)  

where KB is the Boltzmann constant, T is the temperature and dc is the 
capillary tube diameter. According to previous reports [40], when the 
pore diameter is between 10 nm and 1000 nm, the Knudsen diffusion 
and slip flow coexist. 

In Klinkenberg’s [41] pioneering research, he proposed a correction 

model to modify the intrinsic permeability. Since then, several correc-
tion models have been proposed to incorporate the Klinkenberg effect 
(Slip flow), as summarized in Table 1. 

For a single fractal capillary tube, the gas flux incorporated slip effect 
is expressed as [51,52]: 

qslip =
πh4

128μ

(

1 +
8λ
h

)
Δpm

Lτ(h)
(12) 

When the Kn between 0.1 and 10, the Knudsen diffusion cannot be 
neglected, the contributed gas flux is expressed as: 

qknudsen =
h3

6p

̅̅̅̅̅̅̅̅̅̅̅̅
2πRT

Mg

√
Δpm

Lτ(h)
(13) 

Therefore, the total gas flux in a single pore can be obtained as: 

Fig. 2. Evolution of Knudsen number versus pore diameter and pore pressure.  

Table 1 
Correction models for Klinkenberg effect.  

Model reference Formula Parameters 

Klinkenberg [41] 
ka = k∞

(
1 +

b
p

)

b =
4cλp

R 
Ertekin, et al.  

[42] b =
16cμ
ωpore

̅̅̅̅̅̅̅̅̅
2RT
πM

√

Heid, et al. [43] b = α(k∞)
β 

b = α(k∞/ϕ)β Florence, et al.  
[44] 

Yao, et al. [45] bk = (Dkμ)/k∞ 

Wang, et al. [46] bCH4 =

ϕ0
ϕ0 − εs

μCF4
μHe

̅̅̅̅̅̅̅̅̅̅̅
MCH4

MHe

√

bHe  

Javadpour [47] 
ka =

2rμM
3 × 103RTρ2

avg

̅̅̅̅̅̅̅̅̅
8RT
πM

√

+

F
r2

8ρavg 

F = 1 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
( 8πRT

M

)√
μ

pavgr

(
2
α − 1

)

Tang, et al. [48] 
ka = k∞

(
1 +

A
p
+

B
p2

)

A =
8μ
D

̅̅̅̅̅̅̅̅̅̅̅
πRgT
2M

√

C1B =

8πμ2

D2
RgT
2M

C2  

Beskok, 
Karniadakis  
[49] 

ka = k∞(1 + αKn)
(
1 +

4Kn
1 − bKn

)

α = α0
2
πtan− 1α1Knα2 

Civan [50] α0

α − 1 =
A

KnB  
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q(h) =
πh4

128μ

(

1 +
8λ
h

)
Δpm

Lτ(h)
+

h3

6p

̅̅̅̅̅̅̅̅̅̅̅̅
2πRT

Mg

√
Δpm

Lτ(h)
(14) 

The pore diameter of the coal matrix spans from micrometre to 
nanometre. Previous studies reported that the PSD of the coal matrix 
exhibits natural self-affinity and can be represented with a fractal scaling 
law [14,53,54]. In a REV of coal, the matrix is assumed to be a bundle of 
capillary tubes with different cross-sectional areas, as shown in Fig. 3. 

The fundamental law governing the pore numbers and PSD param-
eters is written as [26]: 

N(H⩾h) = (hmax/h)Dh (15)  

where N is the cumulative number of pores with a diameter larger than 
the minimum value in the coal matrix, H is the characteristic value of the 
pore diameter, h and hmax are the pore diameter and maximum pore 
diameter, respectively, Dh is the fractal dimension for PSD, 
and0 < Dh < 2 . The infinitesimal increment in the pore number to pore 
size change can be derived through differentiating both sides of Eq. (15): 

− dN = Dh(hmax)
Dh h− (Dh+1)dh (16) 

According to Eq. (15), when the pore diameter reaches a minimum 
value, the cumulative number of pores in the whole range of the coal 
matrix can be formulated as 

Nt(H⩾hmin) = (hmax/hmin)
Dh (17)  

where hmin is the minimum pore diameter and Nt is the total number of 
pores. Based on Eqs. (16) and (17), we can further write [26,55]: 

−
dN
Nt

= h(hmin)
Dh h− (Dh+1)dh = f (h)dh (18)  

where f(h) is the probability density function of the PSD. The correlation 
between the fractal dimension and porosity is expressed as: 

Dh = d −
ln(ϕ)

ln(hmin/hmax)
(19) 

As shown in Fig. 3, L0 is the characteristic length of REV and Lτ is the 
tortuous flow length, which is formulated as: 

Lτ = LDT
0 h1− DT (20)  

where Dτ is the fractal dimension of tortuosity of flow path length, and 
1 < Dτ < 2 in two Euclidean dimensions. According to the distribution 
of pore size given in Eq. (11), the total cross-sectional area of pores in 
REV can be integrated as: 

Ap = −

∫ hmax

hmin

1
4

πh2dN =

∫ hmax

hmin

1
4

πh2DhhDh
maxh− (Dh+1)dh

=
πDhh2

max

4(2 − Dh)

[

1 −

(
hmin

hmax

)2− Dh
]

(21) 

Based on the definition of porosity, the cross-sectional area can be 
obtained from: 

A =
Ap

ϕm
=

πDhh2
max

4ϕm(2 − Dh)

[

1 −

(
hmin

hmax

)2− Dh
]

(22) 

Therefore, for the accumulative flux of REV, the total flux can be 
obtained through: 

Q = −

∫ hmax

hmin

q(h)dN =
km

μ A
Δp
L0

(23) 

The modified gas flux can be obtained by combining Eqs. (14), (21), 
(22), and (23) to give: 

km =
π

128
1

LDT+1
0

Dh

3 + DT − Dh
h3+DT

max

(

1 +
8μ(3 + DT − Dh)

hmaxpm(2 + DT − Dh)

̅̅̅̅̅̅̅̅̅̅̅
πRgT
2Mg

√ )

+

̅̅̅̅̅̅̅̅̅̅̅̅
2πRT

Mg

√
μDh

(2 + DT − Dh)

h2+DT
max

6pmLDT+1
0

(24) 

The improved permeability model incorporates PSD and the slippage 
correction factor, which is correlated with porosity, fractal dimension 
and maximum pore diameter. As in gas injection or gas depletion pro-
cesses, the above parameters change dynamically. The evolution equa-
tion with pore pressure is developed in subsequent subsections. The 
evolution of matrix porosity is calculated by [37]: 

ϕm = ϕm0 + α
[

εv +
pm − p0

Ks
+

εLPL(p0 − pm)

(p0 + PL)(p + PL)

]

(25) 

According to Eq. (24), the matrix permeability depends on the 
maximum pore diameter. Due to the multi-scale distribution of the pore 
diameter, there is no universal approach to calculating the change in 
pore diameter under effective stress, and Table 2 provides a brief review 
of the formulas used to determine pore diameter evolution. 

The pore volume change ratio can also be rewritten as [37,65]: 

Vp − Vp

Vp
= −

1
Kp

(

Δσ −

(

1 −
Kp

Ks

)

Δpm

)

+Δεs (26) 

According to Eq. (3) and the definition of Biot’s coefficient, the 
expression below can be deduced as follows [66]: 

Fig. 3. Schematic illustrations of the fractal model of coal matrix: (a) original coal matrix structure; (b) pore network with different pore throat; (c) the fractal 
capillary tube-based coal matrix model. 
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Δσ − Δpm = − K
(

Δεv +
Δpm

Ks
− Δεs

)

(27) 

Substituting Eq. (27) into (26) yields: 

Vp

Vp
=

ApL0

ApL0
= 1+

α
ϕm

(

Δεv +
Δpm

Ks
− Δεs

)

−
Δp
Ks

+Δεs (28) 

In this study, under the 2D case, theVp = Ap, combining Eq. (28) and 
(21) yields 

Dhh2
max

(2− Dh)

[

1 −
(

hmin
hmax

)2− Dh
]

Dh0h2
max0

(2− Dh0)

[

1 −
(

hmin0
hmax0

)2− Dh0
] = 1+

α
ϕm

(

Δεv +
Δpm

Ks
− Δεs

)

−
Δpm

Ks
+Δεs (29) 

Because hmin≫hmax, Eq. (29) can be simplified to: 

h2
max

h2
max0

=

[

1 +
α

ϕm

(

Δεv +
Δpm

Ks
− Δεs

)

−
Δpm

Ks
+ Δεs

]
2 − Dh

2 − Dh0

Dh0

Dh

1 − ϕm0

1 − ϕm

(30) 

Based on Eq. (30), the maximum pore diameter of fractal pores can 
be obtained from: 

hmax = hmax0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅[

1 +
α

ϕm
(S − S0) −

pm − p0

Ks
+ εs − εs0

]
2 − Dh

2 − Dh0

Dh0

Dh

1 − ϕm0

1 − ϕm

√

(31)  

where theS = εv +
pm
Ks
− εs,S0 = εv0 +

p0
Ks
− εs0 Dh0 is the initial value of the 

fractal dimension while Dh is the fractal dimension under effective 
stress. 

2.4. Dynamic permeability for coal fractures 

The seepage capacity of the coal fracture networks is far higher than 
that of coal matrix.. The porosity and permeability of coal fracture is 
highly dependent on the fracture apertures, which evolve under impacts 
of effective stress and the matrix swelling/shrinkage. Apart from pores 
in the coal matrix, the fracture aperture also has fractal characteristics 
[67,68], as shown in Fig. 4. 

According to cubic law, the flux flowing through fractures is calcu-
lated by: 

qf = −
Wb3

12μ
Δp
Ltf

(32)  

where W is the fracture width, b denotes the fracture aperture and Ltf 

represents the tortuous flow length. According to Eq. (15) and (16), 

− dN = Dh(hmax)
Dh h− (Dh+1)dh (33) 

Therefore, the total flow flux through all fractures can be integrated 
as: 

Qf =

∫ bmax

bmin

qf dN =
W

12μ
Db

2 + Dtf − Db

Δp
LDtf

tf

b2+Dtf
max

(
1 − β2+Dtf − Db

)
(34)  

where β = bmin/bmax, macroscopically, when fluid flow through frac-
tures, the total flow flux can be described with Darcy flow law, which is 
defined as: 

Qf =
kf Af

μ
Δp
Ltf

(35) 

Table 2 
Pore radius change model under effective stress.  

Reference. Model Description 

Lei, et al.  
[56] r = r0

{

1 − 4
[
3π
(
1 − ν2)peff

4E

]2/3} peff is the effective stress 

Tan, et al.  
[57] λp =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3

√
− 2Fc

4Fp

√
[
1 −

( − σ
E

)1/n ]
λc0 

Fc and Fp are the formation 
factors 

Lei, et al.  
[58] r = r0 −

1 − ν
E

r3
0peff

r2
1 − r2

0
−

1 + ν
E

r0r2
1peff

r2
1 − r2

0 

r1 is the outer radius 

Si, et al.  
[59] r =

r0

(
1 +

α
ϕK

(Δσ − Δp) − Δεs

)− 1/3 

α is the Biot coefficient, Δεs 

is the sorption strain 

Lv, et al.  
[60] r = r0

{
1 −

2(1 − ν2)

E

[

σ −

1
2(1 − ν) p

]}

ν is Poisson’s ratio 

Wu, et al.  
[61] 

r = r0(pe/p0)
0.5(q− s) pe is the effective stress, q 

and s are the porosity 
coefficients 

Cao, et al.  
[62] r = r0exp

{(1
K
−

1
Kp

)

[(Δσ − Δp) ]
}

Kp is the pore bulk modulus 

Zhang, et al. 

[63] 
r = r0

[ 1 − (σ/p1)
m

1 − (σ0/p1)
m

]1.5 p1 is the stiffness parameter, 
m is the roughness 
parameter 

Tang, et al.  
[64] 

r = r0exp
[
− cm

(
σc − χpf

)/
4
]

cm is compressibility, χ is 
Biot coefficient  

Fig. 4. Schematic illustrations of the representative volume with fractally distributed fracture: (a) the cross-section of coal REV perpendicular to flow direction; (b) 
single fracture and the adjacent matrix REV. 
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where Af is the cross-section area of fracture REV, which is defined 
asAf = Nt(a+ b)W. As the fracture spacing is far larger than the fracture 
aperturea≫b, the cross-section area of fracture REV can be simplified 
asAf = NtaW. Therefore, combining Eqs. (34) and (35), the equivalent 
fracture permeability can be deduced as: 

kf =
Dbb2+Dtf

max
(
1 − β2+Dtf − Db

)

12(a + b)
(
2 + Dtf − Db

)
LDtf − 1

tf

(36) 

According to Fig. 2, when the fracture aperture is smaller than 100 
μm, the slip flow can be pronounced and should not be neglected. 
Therefore, the fractal-based Klinkenberg coefficient is analogous to the 
expression in the coal matrix, and the modified permeability for frac-
tures is expressed as: 

kf =
Dbb2+Dtf

max
(
1 − β2+Dtf − Db

)

12(a + b)
(
2 + Dtf − Db

)
LDtf − 1

tf

(

1 +
8μ
(
3 + Dtf − Db

)

bmaxpf
(
2 + Dtf − Db

)

̅̅̅̅̅̅̅̅̅̅̅
πRgT
2Mg

√ )

(37) 

In the above equation, the major variables under effective stress are 
maximum pore diameter and the fractal dimension of apertures. The 
equation linking fractal dimension and porosity is analogous to the 
fracture length because of the linear relationship between fracture 
length and fracture aperture, and the fractal dimension of fracture 
aperture can be formulated as [69]: 

Db = d − ln
(
ϕf
)/

ln(bmin/bmax) (38)  

where b0 is the initial fracture aperture, ϕf0 is the initial fracture 
porosity, it is assumed that the maximum fracture ratio is equivalent to 
the porosity ratio. According to the study of Wu, et al. [70], the fracture 
porosity is determined by: 

ϕf

ϕf 0
=

bave

bave0
= 1 −

3
ϕf 0 +

3Kf
K

(
εLΔPm

PL + ΔPm
− εv

)

(39)  

where bave is the average fracture aperture, bave0 is the initial average 
aperture, Kf is the fracture stiffness, K is the bulk modulus. The rela-
tionship between average fracture aperture and maximum aperture is 
expressed as [71]: 

bave =

∫ bmax

bmin

b⋅f (b)db =
Dbbmax

Db − 1

[
bmin

bmax
−

(
bmin

bmax

)Db
]

(40) 

As the bmin/bmax is assumed constant andbmin≪bmax, the maximum 
aperture ratio can be derived as: 

bmax

bmax0
=

bav

bav0

Db

Db0

Db0 − 1
Db − 1

(41) 

Besides, according to our previous study [72], the fracture spacing 
and aperture under effective stress can be calculated by: 

a+ b = (a0 + b0)
(

1 −
Δσ − Δp

K

)
(42)  

where a0 and b0 are the initial fracture spacing and fracture aperture, 
The total permeability of coal is given as [73,74]: 

k = km + kf (43)  

k
k0

=
km0

km0 + kf 0

km

km0
+

kfo

km0 + kf 0

kf

kf 0
(44)  

3. Model verification 

Based on the preceding fractal-based matrix permeability and frac-
ture permeability, the gas flow filed and coal deformation can be fully 
coupled. The whole set of coupled PDE equations proposed in the 

preceding sections are implemented in COMSOL MULTIPHYSICS, which 
is a commercial PDE solver. The dual fractal-permeability model was 
verified using the field data from Fairway well of San Juan Basin 
(Fruitland coal seam) [75]. To justify the advancement of the proposed 
model, P-M model [76], S-D model [77] and C-B model [38] were 
selected to conduct comparative analysis because the three models are 
based on the assumption of uniaxial strain condition. The simulation 
model is shown in Fig. 5(a), with a size being 50 m × 50 m and a well 
radius is 0.1 m in the corner of the physical model. The initial reservoir 
pressure is 10 MPa while the constant bottom-hole pressure is 0.1 MPa. 
Other parameters are the same as the values used in the experimental 
verification shown in Table 3. The basic assumptions of the reservoir 
simulation associated with the boundary condition are the following: (1) 
constant overburden stress at the top boundary; (2) the wellbore pres-
sure is applied at the boundary of the well; (3) the no-flow condition is 
applied at other boundaries except for the well boundary. Fig. 5(b) 
compares the total permeability evolution between the simulated re-
sults, the field data and other three widely used models, indicating that 
modelling results agree well with the field data and show a better per-
formance than the other classical models. The discrepancies between 
model results and field data demonstrate that the C-B model over-
estimated the effect of stress. P-M model and S-D model can predict 
permeability evolution partially, but the accuracy is significantly lower 
than the proposed model. It can be noted that the permeability increases 
when the reservoir pressure declines, which is because matrix shrinkage 
counteracts the compaction caused by the elevated effective stress. The 
pore pressure distribution of matrix and fracture are presented in Fig. 6 
and Fig. 7 at different times. It can be seen that the fracture pressure 
declines faster than the matrix pressure. Fig. 8 presents the stress dis-
tributions at 10 days and 100 days. 

4. Sensitivity analysis and discussion 

4.1. Contributions of different flow mechanisms to matrix permeability 

The flow regimes in coal matrix are mainly composed of slip flow and 
Knudsen diffusion according to Fig. 9. The variation of microstructure in 
the coal matrix can change the significance of each flow regime. To 
study the impacts of microstructure parameters on the contribution of 
Knudsen diffusion and slip flow, firstly, three sets of maximum pore 
diameters (hmax0) are adopted to perform sensitivity analysis. As shown 
in Fig. 9, with gas depletion in the coal seam reservoir, the proportion of 
slip flow decreases while the proportion of Knudsen diffusion increases 
gradually. For the base case with hmax0 = 500 nm, the contribution ratio 
of slip flow to total apparent matrix permeability in the initial stage is 
95 %, as shown in Fig. 9(a). However, when the final equilibrium state is 
achieved, the corresponding value drops to 40 %. By contrast, the 
contribution ratio of Knudsen diffusion increases from 5 % to 60 % when 
the pressure declines from 5 MPa to 0.1 MPa, as shown in Fig. 9(b). 
When the maximum pore diameter increases, the contribution ratio of 
slip flow is uplifted at the same reservoir pressure because the average 
pore radius is increased. Besides, the sensitivity of the contribution ratio 
to the fractal dimension of PSD in the coal matrix is also studied, as 
shown in Fig. 10. It can be observed that the fractal dimension has a 
marginal effect on the evolution of the flow regime. When the fractal 
dimension increases, the contribution ratio of slip flow experiences a 
slight decrease and the contribution ratio of Knudsen diffusion has a 
minor rise. 

The flow in the coal matrix in some studies is assumed as pure 
diffusion or Darcy flow is not appropriate, which cannot reflect the true 
situation. Although some previous studies [78,79] have evaluated the 
importance of non-Darcy flow in coal matrix, the impacts of the het-
erogeneous structure are not incorporated. Accordingly, the advantage 
of the proposed model is that it replicates the heterogeneous structure 
and includes multiple flow regimes. Overall, the structure of the coal 
matrix is highly heterogeneous and the pore size spans several 
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magnitudes. According to the fractal-based matrix permeability shown 
in Eq. (24), gas flow in the matrix is highly dependent on the micro-
structure, including the maximum pore diameter and fractal dimension. 

4.2. Impacts of matrix heterogeneity on permeability evolution 

The heterogeneity of the coal matrix plays a pivotal role in the ab-
solute permeability and permeability evolution during gas depletion. In 
this study, the structural heterogeneity of the coal matrix primarily re-
fers to the fractal dimension of PSD (Dh), and fractal dimension of pore 
tortuosity (DT). Both of these heterogeneous parameters affect the 
porosity and permeability directly. It is essential to understand the im-
pacts of these heterogeneities on permeability evolution under the 
condition that gas flow and geomechanics are coupled. We set up a base 
case according to the simulation results in the previous field verification, 
where the fractal dimension of PSD isDh0 = 1.15, the fractal dimension 
of tortuosity is DT = 1.4 and the maximum pore diameter ishmax0 =

500nm. Based on that, three sets of fractal dimensions of PSD (Dh0 =

1.15, Dh0 = 1.35 and Dh0 = 1.5), pore tortuosity (DT = 1.2, DT = 1.4 
and DT = 1.6) and maximum pore diameter (hmax0 = 300nm, hmax0 =

500nm and hmax0 = 700nm) are used to conduct sensitivity analysis. The 
initial permeability and the corresponding pore number for the various 
cases are presented in Fig. 11(a) and (b). 

As presented in Fig. 12(a), the initial fractal dimension plays a sig-
nificant role in the permeability evolution of the coal matrix. With the 
depletion of gas, coal permeability increases in all cases, which can be 
attributed to the fact that the shrinkage-induced pore diameter 

Fig. 5. Schematic illustration of the simulation model for field-scale.  

Table 3 
The input parameters for the field verification.  

Parameter 
Symbols 

Physical meaning Value Unit 

T Temperature 300 K 
ϕm0 Initial porosity of matrix 0.02 — 
ϕf0 Initial porosity of fracture 0.03 — 
E Young’s modulus of Coal 3713 MPa 
Es Young’s modulus of coal grains 12,139 MPa 
Kf Fracture stiffness 0.3 GPa 
ν Poisson’s ratio 0.33 — 
εL Langmuir strain constant 0.03 — 
pL Langmuir pressure constant 4.5 MPa 
ρs Density of coal 1250 kg/ 

m^3 
μ Methane viscosity 1.22 ×

10− 5 
Pa*s 

hmin Minimum pore diameter 5 nm 
hmax Maximum pore diameter 500 nm 
DT Fractal dimension of pore tortuosity 1.4 — 
Dh The initial fractal dimension of PSD 1.15 — 
bmin Minimum fracture aperture 0.4 μm 
bmax Maximum fracture aperture 20 μm 
Dtf Fractal dimension of fracture 

tortuosity 
1.4 — 

Db initial fractal dimension of fracture 1.1 —  

Fig. 6. Pressure distribution of matrix system after 10 days and 100 days of production.  
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increment and the reinforced slip flow override the pore diameter 
contraction resulting from the rising of the effective stress. Moreover, a 
smaller initial fractal dimension (initial porosity) indicates a greater 
increase in magnitudes. The evolution of porosity and maximum pore 
diameter are inversely proportional to initial porosity, as expressed in 
Eqs. (27) and (32). When the simulation time reaches 1 × 108s, there is 

an almost a 7-fold increase in the permeability when the initial fractal 
dimension is 1.15. By contrast, when Dh0 = 1.35 andDh0 = 1.5, the final 
permeabilities are 6 and 5.5 times of initial permeability. Consequently, 
the fracture permeability with a smaller fractal dimension of PSD in the 
matrix experiences a more rapid increase, as shown in Fig. 12(b). 
However, the variation of the initiative Dh does not alter the final value 

Fig. 7. Pressure distribution of fracture system after 10 days and 100 days of production.  

Fig. 8. Evolutions of Von Mise stress after 10 days and 100 days of production.  

Fig. 9. Impacts of maximum pore diameter on the contribution ratios of various flow mechanisms to total matrix permeability.  
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of fracture permeability, and the fracture permeability for all three cases 
is 24 times of initial value. As the fractal dimension represents the 
heterogeneity of matrix microstructure, it can be concluded that when 
the matrix structure is more heterogeneous, the matrix permeability is 

less sensitive to effective stress. 
Apart from the fractal dimension of PSD, the tortuosity of pores in the 

coal matrix can affect the permeability by increasing the flow length and 
retarding gas flow. Fig. 13 presents the permeability evolution with 

Fig. 10. Impacts of fractal dimension on the contribution ratios of various flow mechanisms to total matrix permeability.  
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Fig. 11. (a) Initial matrix permeability for the various fractal parameter, and (b) the corresponding pore number for various fractal dimensions and maximum 
pore diameter. 

Fig. 12. Impacts of matrix fractal dimension on permeability evolutions.  
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different fractal dimensions of tortuosity. In the initial stage, the smaller 
fractal dimension of tortuosity indicates higher initial matrix perme-
ability. When the fractal dimension of tortuosity is 1.2, the permeability 
experiences an 8-fold increase when the final equilibrium is achieved. 
For the remaining cases with DT = 1.4 andDT = 1.6, the corresponding 
permeability experience an approximately 7-fold increase at the same 
production time. The results suggest that tortuosity has an adverse effect 
on permeability evolution. Correspondingly, the fracture permeability 
for the case with a larger fractal dimension of tortuosity increases more 
rapid due to the larger matrix permeability and the mass transfer rate 
according to Eqs. (9) and (24). 

Maximum pore diameter is another factor that affects the absolute 
permeability and permeability evolution during gas depletion. In this 
study, it is assumed that the hmin/hmax remains constant, which means 
that the maximum pore diameter represents the overall pore distribu-
tion. Eq. (24) suggests that the matrix permeability evolution is strongly 
dependent on the dynamic change of the maximum pore diameter. 
Fig. 14 illustrates both of the matrix and fracture permeability evolu-
tions for three groups of maximum pore diameters. Whenhmax0 =

700nm, the permeability increases 5 times when the final equilibriums 
state is achieved (The total production time is 1 × 108s). By contrast, 
when hmax0 = 500 nm andhmax0 = 300 nm, there is a 7-fold and 10- 
fold increase, respectively. Larger maximum pore diameter indicates 
larger initial matrix permeability but smaller final permeability. The 
reason for this phenomenon is the slippage coefficient in the slip flow 
term is inversely proportional to the maximum pore diameter. 

Therefore, smaller maximum pore diameter results in a more remark-
able permeability increment because of more pronounced slip flow. At 
the same time, the variation of maximum pore diameter in coal matrix 
exhibits negligible effects on fracture permeability, as shown in Fig. 14 
(b). 

4.3. Impacts of fracture heterogeneity in permeability evolution 

The fracture heterogeneity is controlled by the multiscale fracture 
aperture (Db) and fracture tortuosity (Dtf ) and various maximum aper-
ture sizes. According to the fracture permeability shown in Eq. (37), the 
maximum aperture and fractal dimension are pressure-dependent. To 
further understand the impacts of these two factors on permeability 
evolution, various heterogeneous parameters are used to perform the 
simulation. In the base case, the fractal dimension of PSD is 1.1, the 
fractal dimension of tortuosity is 1.25 and the maximum aperture is 2 
μm. Based on that, three sets of fractal dimensions of PSD (Db0 = 1.1, 
Db0 = 1.25 and Db0 = 1.4), pore tortuosity (Dtf = 1.2, Dtf = 1.4 and 
Dtf = 1.6) and maximum aperture (bmax0 = 1.5μm,bmax0 = 2.0μm and 
bmax0 = 2.5μm) are used to conduct sensitivity analysis. The initial 
fracture permeability for the various fractal parameters are presented in 
Fig. 15(a). In addition, the corresponding pore number for various 
fractal dimensions of aperture and maximum aperture is illustrated in 
Fig. 15(b). 

The fracture aperture of coal is several magnitudes larger than the 
pore size in the coal matrix, which acts as the major flow path for gas 

Fig. 13. Permeability evolution for the various fractal dimension of tortuosity.  

Fig. 14. Permeability evolution for various maximum pore diameter.  
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flow. A wide distribution of fracture aperture can affect the absolute 
permeability and dynamic evolution substantially. Three sets of fractal 
dimensions of aperture (Db0 = 1.1, Db0 = 1.25 and Db0 = 1.4) are used 
to perform sensitivity analysis. As shown in Fig. 16(a), the smaller 
fractal dimension of the aperture indicates a faster increase in matrix 
permeability but does not change the final value. However, for the 
fracture permeability ratio, the smaller fractal dimension results in 
greater enhancement. When the final equilibrium is reached, the 
permeability for the case with Db0 = 1.1 experience a 24-fold increase. 
However, for Db0 = 1.25 andDb0 = 1.4, the permeability ratios decrease 
18 times and 10 times, respectively, which is because the porosity and 
aperture ratio is inversely correlate correlated with fracture porosity and 
fractal dimension. 

The importance of fracture tortuosity on permeability has been 
demonstrated by many scholars. However, the impact of tortuosity on 
the dynamic evolution under effective stress remains unclear. To address 
that, three sets of tortuosity, includingDtf = 1.2, Dtf = 1.4 andDtf = 1.6, 
are adopted to conduct sensitivity analysis. According to Fig. 15, smaller 
fractal tortuosity indicates larger initial fracture permeability, which 
prompts the rapid mass transfer from coal matrix to fracture and the 
sequential matrix shrinkage. Consequently, the matrix permeability of 
the case with smaller tortuosity reaches the equilibrium state earlier, as 
shown in Fig. 17(a), but the final values of matrix permeability ratios are 
the same. However, it can be observed from Fig. 17(b) the fracture 
permeability for the larger tortuosity has larger permeability increment 
finally. The reason for this is the larger fractal dimension of tortuosity 

indicates larger exponent of the change range of maximum aperture, as 
illustrated in Eq. (37). 

Fracture aperture decides the magnitudes of permeability directly 
and subtle changes of fracture aperture can affect the permeability 
substantially. The impact of effective stress and sorption-induced stress 
on permeability is primarily reflected in the variation of fracture aper-
ture. Fig. 18 illustrates the evolutions for both matrix and fracture 
permeability when the maximum apertures are 1.5 μm, 2.0 μm and 2.5 
μm, respectively. It is noticeable that a larger maximum aperture ac-
celerates the growths of both matrix and fracture permeability. For the 
case withbmax0 = 2.5μm, it takes 8 × 107s to reach the final equilibrium. 
However, when the maximum aperture decreases to 1.5 μm, the equi-
librium time extends to 2 × 108s. It is worthwhile to mention that the 
final permeability for different maximum aperture is slightly different, 
which can be attributed to the slip flow that occurs in the fracture sys-
tem. Overall, various maximum fracture aperture has a remarkable ef-
fect on the dynamic process but an insignificant effect on the 
incremental range during gas depletion. By contrast, the fractal 
dimension of pore size and tortuosity affects both the process and the 
final permeability ratio. 

4.4. Evolutions of microstructure and the impacts on slippage effect 

There are multitudes of stress-dependent permeability models to 
investigate the evolution of stress sensitivity. In these homogeneous 
models, the impacts of stress on the coal structure are mainly reflected 

Fig. 15. (a) Initial fracture permeability for various fractal parameters, and (b) the corresponding fracture number for various fractal dimensions and 
maximum apertures. 

Fig. 16. Permeability evolutions for the various fractal dimension of fracture aperture.  
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through the evolution of porosity. However, the concrete evolution of 
heterogeneous structures cannot be captured. In our proposed fractal- 
based model, the impacts of effective stress and sorption-induced 
swelling stress on coal structure evolution are represented with the 
variation of maximum aperture, the fractal dimension of aperture dis-
tribution and fracture porosity. Evolutions of fractal dimensions of the 
pore (aperture) and the maximum pore size (fracture aperture size) are 

illustrated in Fig. 19(a) and (b), respectively. It can be noted that the 
fractal dimension of the matrix pore increases from 1.15 to 1.19 with the 
decline of matrix pressure from 5 MPa to 0.1 MPa. By contrast, the 
fractal dimension of fracture aperture increases from 1.1 to 1.32. 
Therefore, during gas depletion, the fracture aperture experiences a 
more dramatic change. As the fractal dimension represents the hetero-
geneity of coal structure. The more notable change of fracture aperture 

Fig. 17. Impacts of fracture tortuosity on permeability evolution.  

Fig. 18. Permeability evolution for various maximum fracture aperture.  

Fig. 19. Evolutions of fractal dimension and pore size.  
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distribution suggests that the fracture system becomes more heteroge-
neous. Besides, the maximum pore diameter in the coal matrix increases 
from 500 nm to 550 nm finally. By contrast, the maximum fracture 
aperture grows from 20 μm to 47 μm, increasing by 2.35 times. 

The dynamic evolution of microstructure under effective stress and 
sorption-induced swelling affects the slip flow in the matrix as well as 
fracture. As shown in Fig. 20(a), with the decline of matrix pressure, the 
matrix permeability increases while the matrix slippage coefficient de-
creases. The slippage coefficient decreases from 0.44 MPa to 0.40 MPa 
approximately because of the enlargement of maximum pore size. The 
fracture slippage coefficient decreases from 0.011 MPa to 0.005 MPa 
when the final equilibrium is achieved, as shown in Fig. 20(b). It is 
demonstrated that the slippage in the coal matrix is more significant 
than that in fractures. According to previous experimental studies 
[80,81], the slippage coefficient of coal cleats increases when the 
effective stress increases because of the decreased aperture. However, in 
our study, with the depletion of gas from the coal seam reservoir, the 
slippage coefficient declines when the effective stress increases because 
the matrix shrinkages of pore and fracture offset the compaction caused 
by effective stress. Conclusively, both of the slippage coefficients in 
matrix and fracture tend to decline when the gas is depleted from the 
coal reservoir. Previous studies [46,82,83] have confirmed the impor-
tance of the slippage effect in coal, but the separate roles in matrix and 
fracture have not been explored. The advantage of the proposed model is 
the multiscale pore size and fracture aperture (critically important for 
slip flow) are incorporated using the fractal approach, which can 
simulate the true heterogeneous structure of coal. 

4.5. Analysis of controlling factors for permeability 

Gas depletion from a coal reservoir is a complex process that involves 
gas seepage and Knudsen diffusion in the coal matrix, slip flow in frac-
tures, effective stress, and desorption-induced shrinkage. These effects 
are coupled through the evolution of permeability. However, the sig-
nificance of each factor to permeability needs to be clarified. Fig. 21(a) 
illustrates the contributions of Terzaghi’s effective stress, flow regime, 
and matrix shrinkage to matrix permeability. It can be noted that the 
black line represents the permeability evolution profile of the base case, 
which is referenced for other groups. First, when the Terzaghi effective 
stress is not considered, the permeability ratio is always larger than the 
referenced permeability, and the final permeability increases by a factor 
of 10. When the matrix shrinkage is not taken into account, there is a 6- 
fold increase. By contrast, when the Knudsen diffusion is neglected, the 
permeability ratio decreases significantly, with the final permeability 
increasing by a factor of three. If both the Knudsen diffusion and slip 
flow are excluded, the permeability ratio remains almost unchanged. 
Based on the matrix permeability evolution in various scenarios, it can 
be concluded that in a coal matrix, the effects of non-Darcy flow 

mechanisms are equally important. In many stress-dependent perme-
ability models, the gas seepage in the matrix is oversimplified as Darcy 
flow, which cannot reflect the gas transport and the associated matrix 
shrinkage. We also compare the evolutions of matrix permeability 
calculated by the fractal-based model and the conventional cubic model 

(km = km0

(
ϕf/ϕf0

)3
), as shown in Fig. 21(b). When the final equilib-

rium state is achieved, the matrix permeability of the cubic model in-
creases by a factor of 1.7. It can be noted that the cubic model tends to 
underestimate the matrix permeability. 

However, the slip flow becomes insignificant in the fracture network 
because of wider seepage channels, as shown in Fig. 22(a). There is a 
slight difference in the fracture permeability in the low-pressure stage 
for the cases with and without slip flow. Terzaghi’s effective stress and 
matrix shrinkage are the dominant factors that affect fracture perme-
ability evolution. When Terzaghi effective stress is not considered, the 
final fracture permeability can increase by a factor of 40. However, 
when the matrix is neglected, the fracture permeability shows a 
declining trend. Overall, compared with matrix permeability, fracture 
permeability evolution is primarily controlled by desorption-induced 
shrinkage and Terzaghi effective stress. Fig. 22(b) compares fracture 
permeability evolutions for this work and the cubic models. When the 
final equilibrium state is achieved, the fracture permeability of the cubic 
model increases by a factor of 13. There is a great gap between the cubic 
model and the fractal-based model, which indicates that the cubic model 
can underestimate the permeability because of the neglect of the role of 
multiscale fracture apertures on permeability evolution. 

5. Conclusions 

In this study, an effective stress-dependent dual-fractal permeability 
model is developed to couple gas flow and coal deformation. Then, the 
fully coupled model is upscaled to field scale to investigate the impacts 
of heterogeneous microstructure on permeability and permeability 
evolution quantitatively. The multiple flow mechanisms in matrix- 
fracture system are incorporated into the constitutive relations. Based 
on sensitivity analyses and model results, the following conclusions can 
be drawn: 

(1) The fractally distributed pore-fracture size determines the sig-
nificance of multiple flow mechanisms to gas flow. Larger 
maximum pore diameter and fractal dimension indicate a higher 
contribution ratio of Knudsen diffusion to total gas flux and 
permeability. By contrast, increases in pore-fracture size and 
fractal dimensions can compromise the impacts of slippage ef-
fects on apparent permeability. 

(2) Fractal dimensions and pore-fracture size evolve with the varia-
tion of effective stress, which represent the dynamic evolutions of 

Fig. 20. Evolutions of slippage coefficient under effective stress.  
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coal microstructure under the impacts of stress. The desorption- 
induced shrinkage results in the increases in porosity, fractal di-
mensions of coal matrix-fracture system and maximum pore- 
fracture size, which intensify the structural heterogeneity. The 
fractal dimension of the fracture system shows a more significant 
growth than the matrix system.  

(3) The permeability ratio increment of in coal matrix is dominated 
by the transition of flow regime, Terzaghi’s effective stress and 
matrix shrinkage. However, fracture permeability ratio 
enhancement is controlled primarily by Terzaghi’s effective stress 
and sorption-induced stress. The remarkable gaps on coal 
permeability evolutions between the proposed model and the 
widely used cubic model justifies the necessity of incorporating 
the fractally-distributed microstructure in coal permeability 
model. 
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