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a b s t r a c t

Particle-fluid two-phase flows in rock fractures and fracture networks play a pivotal role in determining
the efficiency and effectiveness of hydraulic fracturing operations, a vital component in unconventional
oil and gas extraction. Central to this phenomenon is the transport of proppants, tiny solid particles
injected into the fractures to prevent them from closing once the injection is stopped. However, effective
transport and deposition of proppant is critical in keeping fracture pathways open, especially in low-
permeability reservoirs. This review explores, then quantifies, the important role of fluid inertia and
turbulent flows in governing proppant transport. While traditional models predominantly assume and
then characterise flow as laminar, this may not accurately capture the complexities inherent in real-
world hydraulic fracturing and proppant emplacement. Recent investigations highlight the paramount
importance of fluid inertia, especially at the high Reynolds numbers typically associated with fracturing
operations. Fluid inertia, often overlooked, introduces crucial forces that influence particle settling ve-
locities, particle-particle interactions, and the eventual deposition of proppants within fractures. With
their inherent eddies and transient and chaotic nature, turbulent flows introduce additional complexities
to proppant transport, crucially altering proppant settling velocities and dispersion patterns. The
following comprehensive survey of experimental, numerical, and analytical studies elucidates controls
on the intricate dynamics of proppant transport under fluid inertia and turbulence - towards providing a
holistic understanding of the current state-of-the-art, guiding future research directions, and optimising
hydraulic fracturing practices.
© 2025 Institute of Rock and Soil Mechanics, Chinese Academy of Sciences. Published by Elsevier B.V. This

is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Particle-fluid flows are commonly encountered in various in-
dustrial (chemical, petroleum) and environmental processes (Yan
and Koplik, 2009; Qu et al., 2021b), including fluidisation beds
(Sahu et al., 2013), sediment movement in rivers and lakes (Chalov
et al., 2015), wastewater treatment, pipeline transportation, and
proppant transport during hydraulic fracturing in geological for-
mations (Tong and Mohanty, 2016; Osiptsov, 2017; Sahai and
Moghanloo, 2019). Particle fluid flows are typically classified by
mixture concentration e from dilute to dense e and with regard to
the ability to retain the entrained suspension as “slurries” if the
(M.S.A. Perera).
ock and Soil Mechanics, Chi-

s, Chinese Academy of Sciences. Pu
particles settle quickly and as ‘dispersions” if the particles remain
suspended for extended periods. Suspensions are typically regar-
ded as flows where the particles remain adequately dispersed
throughout the carrier phase, maintaining a relatively even distri-
bution (Morris, 2020). Particle-laden suspension flow is a two-
phase flow (solid particle-dispersed phase, fluid-carrier phase) in
which the momentum exchange between particles and fluid occurs
frequently. However, it is challenging to understand and predict the
dynamics of particle-laden flows since various parameters affect
the suspension flow. The behaviour of the dispersed and carrier
phases can differ significantly based on particle characteristics such
as shape, size, stiffness, relative density and volume fraction, as well
as the constitutive relations of the liquid phase and the flow regime
(e.g. laminar or turbulent, Newtonian or non-Newtonian). Two
primary mechanisms that govern particle dynamics are fluid drag
and particle settling. Fluid drag forces acting on particles control
their transport velocity, with feedbacks on fluid flow. Moreover,
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inter-particle forces and fluid flows play a significant role in dense
particle flows (Tomac and Gutierrez, 2014), which can dominate
particle movement, leading to increased flow field disturbance.
Particle-fluid flow becomes even more complicated due to in-
teractions between particles and static features such as walls,
especially where roughness is high (Guo et al., 2014).

Hydraulic fracturing is a widely applied technique to increase
the permeability of tight-rock formations for the recovery of
geothermal fluids and hydrocarbons from the subsurface (Tomac
and Gutierrez, 2013; Fern�andez et al., 2019; Fjaestad and Tomac,
2019; Qu et al., 2021b) for the production of energy and fuels.
This involves the injection of highly pressurized fracturing fluid
from the wellbore into the underground formation, resulting in the
initiation and then propagation of a hydraulic fracture (Boronin and
Osiptsov, 2014; Zhang et al., 2020c; Wang et al., 2022b). However,
in situ rock stresses conspire to close the fracture once the fluid
pressure drops and the fracturing treatment is complete. Prop-
pants, introduced into the fluid propagating the fracture, saltate
and jam in the stalled fracture to prevent closure (Adachi et al.,
2007; Economides et al., 2007; Tomac and Gutierrez, 2013; Xu
et al., 2020; Yan et al., 2020; Wang et al., 2021). The long-term
permeability and production efficiency of the reservoir depend on
successful proppant placement (Tomac and Gutierrez, 2013;
Fjaestad and Tomac, 2019; Qu et al., 2021b). Apart from proppant
transport, the mobilization and migration of fine particles (fines) is
another common phenomenon impacting remnant fracture flow
following hydraulic fracturing. When extracting hydrocarbons, the
pore pressure drops and the effective stress within the rock matrix
rises, potentially causing the formation to fail and generating small
particles that mix with the fluids in the formation (Mays, 2005; Bai
et al., 2017; Fan and Chen, 2020). The migration of fine particles is
dominated by different mechanisms depending on their size. The
transport of small fines (0.001 mm) is mainly governed by Brownian
motion, while larger fines (10 mm) are primarily influenced by
gravitational settling (Fan and Chen, 2020).

High-velocity flows are often employed in hydraulic fracturing
stimulations to transport proppants deep into the fracture network
formed within the subsurface reservoirs, with flows potentially
reaching many m3/min (6e14 m3/min) (Zhang et al., 2020c). Such
conditions necessarily develop unsteady inertial and turbulent
flows where the impact of the fluid inertia cannot be neglected. In
addition, turbulent vortices developed in the carrier fluid play a
critical role in determining the penetration of the particle-laden
slurry flow into the evolving fracture system (Gadde et al., 2004).
Inertial resistance results from spatial and temporal changes in
acceleration and related changes in momentum (Zimmerman and
Yeo, 2000; Zimmerman, 2003; Zimmerman et al., 2004; Fourar
et al., 2005; Panfilov and Fourar, 2006; Belhaj, 2023). However,
the mechanisms and impacts of inertial and turbulent effects
remain not fully understood (Tomac and Tartakovsky, 2018). In
conventional reservoir engineering applications, it has been
considered that viscous forces primarily control the fluid flow at
low flow velocities (Matth€ai et al., 2007; Blyton et al., 2015; Hu
et al., 2018b; Huang et al., 2023) and the impact of fluid inertia is
typically regarded as only relevant at high flow velocities rates
when turbulent flow occurs. However, the presence of complex
geometries, including fracture intersections (Liu et al., 2018, 2020),
rough wall boundaries (Cunningham et al., 2020; Rong et al., 2021),
shear displacement (Dang et al., 2019, 2021) and spatial variations
in aperture (Zimmerman et al., 2004; Cardenas et al., 2009; Guo
et al., 2022) within fracture networks result in sudden spatial
changes in the velocity field. As a result, fluid inertia may become
significant even at low flow rates. This behaviour is expected since
fluid inertia resists changes in flow speed and direction, manifest
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and quantifiable as temporal and spatial accelerations. Under-
standing such phenomena is crucial when studying fluid flow and
particle transport in such complex systems. While traditional
models have often emphasized the influence of gravitational
settling and fluid viscosity, recent investigations highlight the
paramount importance of fluid inertia, especially at the high Rey-
nolds numbers associated with contemporary massive hydraulic
fracturing operations (Manoorkar et al., 2018; Wang et al., 2022b;
Zhang et al., 2022b). Turbulent phenomena remain difficult but
important to characterise due to their unpredictable nature and
practical significance. Even in single-phase systems, understanding
turbulent flows remains challenging because of the simultaneous
evolution of small flow structures nested within larger and more
complex flows. Particle-laden turbulent flows are even more
complex since they involve the interaction between particles and
turbulent structures, introducing additional length and time scales
that must be considered (Fornari et al., 2016c; Capecelatro et al.,
2018; Brandt and Coletti, 2022). There are two principal mecha-
nisms of particle/proppant transport within fractures that evolve
during hydraulic fracturing: suspended load transport and bed-
load transport (Mack et al., 2014; Chang et al., 2017; Barboza
et al., 2021). This review focuses on the suspended load transport
process and related mechanisms that are vital for the optimisation
of fracture treatments and the efficient delivery of proppants to the
created fractures.

Several studies review experiments and numerical approaches
examining particle transport in fracture flows, especially consid-
ering the role of proppant transport in hydraulic fracturing
(McLennan et al., 2008; Sahai and Moghanloo, 2019; Roostaei et al.,
2020b; Isah et al., 2021). Comprehensive reviews of recent nu-
merical and experimental observations of proppant transport in
complex fracture networks are reported in (Isah et al., 2021;
Roostaei et al., 2020b; Sahai and Moghanloo, 2019). Recent reviews
address key issues in the fluid mechanics of hydraulic fracturing
(Osiptsov, 2017), bed load proppant transport (McClure, 2018),
experimental studies of proppant settling (Yao et al., 2022), fines
migration (Miri et al., 2021) and advances and challenges remain-
ing in characterizing these impacts in hydraulic fracturing (Wu
et al., 2022), including numerical modelling of proppant-
transport (Barboza et al., 2021; Wen et al., 2022).

While several reviews have been published on particle-fluid
flows, especially considering those of proppant transport in hy-
draulic fractures, few explicitly focus on mechanisms controlling
particle transport in the complex evolving fracture networks.
Although many reviews address recent experimental and numeri-
cal findings, mechanisms of particle transport in complex hydraulic
fractures, including the impacts of inertial and turbulent flows on
particle suspension, have not been adequately discussed. Also,
numerous valuable and insightful studies addressing particle sus-
pension flows in inertial and turbulent regimes cannot be directly
extrapolated to the dense particle dynamics in fracture flows. Thus,
the focus of this review is to bridge the gap between experimental
and numerical observations that relate to the particle dynamics of
flows specifically confinedwithin fracturese as related to proppant
transport in hydraulic fracturing. Recent experimental and nu-
merical findings related to particle suspension flows are extracted
from the literature and set within an appropriate framework. More
importantly, the impact of fluid inertia (inertia-driven flows) and
turbulent flow on particle/proppant transport within hydraulic
fractures is discussed in detail. Finally, a suite of considerations is
suggested for future research studies to more fully characterise the
impacts of inertia and turbulence on particle suspension flows in
fractures.
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2. Mechanism of hydraulic fracturing

Hydraulic fractures are a type of tensile fracture propagating
under existing compressive forces, driven by the pressure from an
injected fluid (Detournay, 2016). The crack propagation mechanism
is a multifaceted process that integrates the principles of stress
concentration, fracture mechanics, interaction with natural frac-
tures, and proppant placement in impermeable rock formations
(Cheng et al., 2023). Initially, the injection of high-pressure frac-
turing fluid into awellbore induces stress concentration around the
wellbore, leading to the initiation of a fracture when the local stress
exceeds the tensile strength of the rock. Proppant injection into the
fractures ensures they remain open post-pressure reduction, a
critical aspect of fracturing (Cheng et al., 2023). The crack opening
displacement (COD) or the width of a hydraulic fracture is vital as it
ensures an adequate pathway for the proppant to enter the frac-
tures (Abdollahipour et al., 2016; Moradi et al., 2017). Fluctuations
in fluid pressure result in alterations in both stress and deformation
of the matrix, subsequently impacting fluid volume and pressure.
These alterations can affect fractures at various points, leading to
their deformation (Abdollahipour et al., 2015, 2016). Similarly,
temperature fluctuations also significantly influence the mechani-
cal deformation of geological media, leading to fracture propaga-
tion (Abdollahipour and Marji, 2020). The existence of natural
fractures modifies the stress fields, thereby influencing the
advancement of hydraulic fractures. Depending on the orientation
of hydraulic and natural fractures, the impact of natural fractures
can either vanish or significantly alter the direction of propagation
(Moradi et al., 2017). The dynamics between hydraulic fractures
(HFs) and natural fractures (NFs) can lead to a range of conse-
quences, including the stopping or redirection of HFs, in addition to
the initiation or development of new fractures (Guo et al., 2015;
Zhou et al., 2016). Moreover, variations in the alignment and dif-
ferences in the spacing and lengths of NFs and HFs influence their
propagation routes under specific circumstances. The impact of NFs
became more pronounced when they were nearer to the initial HFs
and had lesser spacing between them (Moradi et al., 2017).

Crack branching (bifurcation) is often approached from a dy-
namic perspective, where cracks tend to diverge as they propagate
at high speeds (Meyers, 1994). Crack branching can occur even at
lower velocities due to the role of microcracks forming ahead of the
primary crack. The dynamics between these microcracks and the
main crack are crucial in branching (Ravi-Chandar and Knauss,
1984). Under various loading scenarios, the original cracks, which
may be straight or curved, are subjected to either tensile or
compressive forces, and these cracks may kink, leading to the
initiation of secondary cracks from the kinked sections. Secondary
cracks are more likely to form under compressive loads due to
predominant shear stresses, offering insights into the quasi-static
crack branching phenomenon (Manouchehrian and Marji, 2012;
Marji, 2014). The original crack propagation is primarily driven by
the extension of wing cracks, either towards compressive forces or
away from tensile forces. While secondary cracks may not initially
form during the early stages of crack growth, their propagation
becomes more likely as the crack extends. In scenarios involving
curved cracks, wing crack development is significant, with crack
branching occurring especially under compressive loading. Under
tensile stress, secondary cracks may emerge but tend tomergewith
wing cracks, potentially facilitating further wing crack extension
perpendicular to the applied forces (Marji, 2014).

3. Particle-fluid interactions

In the complex environment of fracture flow, the dynamics of
particle transport is profoundly influenced by their interactions
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with the carrying fluid (Osiptsov, 2017). These particle-fluid in-
teractions are central to understanding the settling velocity of
particles, their suspension, and their horizontal conveyance
through the fracture network (Barboza et al., 2021). These in-
teractions become increasingly complex under varying regimes of
fluid inertia and turbulence, significantly altering non-linear flow
behaviours and transport phenomena. Fluid inertia affects the
settling rate of particles and distribution, potentially leading to
inertial migration where proppants may concentrate at specific
locations within the flow field (Gadde et al., 2004; Osiptsov and
Asmolov, 2008; Osiptsov, 2017). Turbulence, characterized by
chaotic fluid flow, can impede or augment the settling process,
facilitate horizontal conveyance, and enhance proppant dispersion
by forming vortices in fracture flow (Fornari et al., 2016c; Tomac
and Tartakovsky, 2018; Fern�andez et al., 2019). The resulting pat-
terns of proppant deposition and transport are critical in deter-
mining the fracture conductivity and homogeneity. Therefore, a
nuanced understanding of these interactions is vital to maximise
fracture performance and, consequently, hydrocarbon production.
The following section will explore such fluid-particle interactions
by considering the impact of fluid inertia and flow turbulence on
particle settling and transport in fracture flow.

3.1. Particle migration along the flow and lateral migration

Suspensions in Newtonian fluids exhibit two distinct types of
primary particle movement: shear-induced migration and inertial
migration (Morris, 2020). Shear-induced migration, driven by the
rheological properties of the suspension, occurs at high solid vol-
ume fractions and low bulk Reynolds numbers and is commonly
observed in suspension flows (Morris, 2020). In contrast, inertial
migration is observed in the dilute limit at finite particle Reynolds
numbers, where the effects of inertia are dominant and can be
described at the level of individual particles (Di Carlo, 2009). When
a particle remains stationary within a moving fluid, it experiences a
drag force, accelerates, and begins to move. The magnitude of the
drag force depends on the difference in velocity between the fluid
and the particle. As the particle accelerates, this difference in ve-
locity reduces, causing the acceleration of the particle to slow down
until its speed stabilizes. However, due to the energy loss, particles
cannot match the exact velocity of the fluid. This difference in ve-
locities is termed the slippage velocity.

The magnitude of this slippage velocity is influenced by factors
such as the size of the particle and the fluid's viscosity (Zhang et al.,
2019). In most of the proppant flow modelling approaches, it has
been oversimplified by assuming that the horizontal velocity of the
proppant is equal to the average local fluid velocity (Blyton et al.,
2018) (i.e. tends to follow the fracture tip with the same velocity
as the fracturing fluid) (Novotny, 1977; Barree and Conway, 1994;
Belyadi et al., 2019). Also, it is usually assumed that the proppant
concentration across the fracture width is constant (Novotny, 1977;
Barree and Conway,1994,1995). In several models, the slip between
particles and the carrier fluid is assumed to be induced only by
gravity, and thus no-slip occurs along the flow direction (Gadde
et al., 2004; Adachi et al., 2007; Kumar et al., 2019). However,
experimental observations have shown that the particle velocity
component in the flow direction could be either locally retarded or
accelerated relative to the carrying fluid (Huang et al., 2023). As
noted in previous studies, the relative velocity between particle and
fluid depends on particle concentration and the proximity and
characteristics of the fracture wall (Barree and Conway, 1995; Liu
and Sharma, 2005; Osiptsov, 2017). The horizontal distance a par-
ticle travels within a fracture before settling is governed by the
horizontal and vertical velocities of the particles. The horizontal
velocity of sand slurry flow is ~70%e90% of fluid velocity in laminar
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flow (Clark et al., 1977). However, two-phase particulate flow
modelling using coupled Computational Fluid Dynamics Discrete
Element Method (CFD-DEM) has revealed a much lower ratio of
fluid velocity to particle velocity (0.2e0.8) in narrow fractures
(Tomac and Gutierrez, 2014). Visual observations of proppant
transport in experiments (Barree and Conway, 1995) showed that
particles tend to flow fastest along the fracture centreline, where
unimpeded Newtonian fluid flows are a maximum at low proppant
concentrations (0e10% by volume). However, maximum proppant
flow velocity tends to decrease at high proppant concentrations
(greater than 10% by volume), resulting in a blunted flow profile
(uniform velocity across the fracture width). For a uniform distri-
bution of particles, the average particle velocity is higher than the
average fluid velocity (Staben et al., 2003). This phenomenon can be
primarily attributed to the exclusion of particles from the slowest
fluid velocity region near the walls (Staben et al., 2003). The out-
comes from CFD-DEM simulations unambiguously show that the
average velocity of the proppant phase tends to be slower than that
of the fluid phase.

Moreover, there is a linear correlation between the decrease in
velocity and the volume concentration of the proppant. However,
an exception emerges when there are minimal proppant concen-
trations and a high ratio of proppant size to fracture width. None-
theless, this scenario is rarely observed in hydraulic fracturing
practice (Blyton et al., 2015). Apart from these findings, the ratio of
the proppant diameter to fracture width plays a crucial role in
determining the relative average velocity of the proppant and fluid
velocity (Blyton et al., 2018). Due to viscous drag, proppants move
with the flowing fluid and accumulate in the centre of the fracture
aperture (away from the fracture walls), where the velocity is
highest, allowing proppants to flow at a higher superficial velocity
than the carrying fluid (Barree and Conway, 1995; Dontsov and
Peirce, 2014b, 2015). In this case, the velocity profile deviates
from the classical parabolic profile due to the high particle con-
centration in the centre of the channel (Dontsov and Peirce, 2014b).
However, the vertical velocity of proppants, the settling velocity,
differs from the fluid vertical velocity due to the impact of gravi-
tational forces, viscous forces, and slippage between proppant
particles and fluid. Due to the scale of the system, proppant
movement across the fracture width is commonly neglected
(fracture width is comparatively much smaller than fracture length
and height (for vertical fractures)) (Belyadi et al., 2019).

In hydraulic fracturing operations, both dilute and dense parti-
cle suspensions are utilized, making both mechanisms of particle
migration relevant, as the particle volume fraction can vary widely
from dilute (in slick-water fracturing of low-permeability rocks for
shale gas recovery) to concentrated, dense slurries (standard hy-
draulic fracturing in sandstone) (Boronin and Osiptsov, 2014;
Osiptsov, 2017). In dilute particle suspensions, it is crucial to
consider four distinct physical phenomena: (1) the buoyancy of the
particles, which is generally negative, induces settling; (2) particle
inertia results in the slip between the particles and the surrounding
fluid; (3) interactions between the particles and the walls, and (4)
inertial effects of carrier fluid (Osiptsov, 2017). The lift force acting
on a particle can be described as the drag force experienced by the
particle in response to developing a lateral component of the fluid
flow. This lateral migration arises from the disruption caused by the
presence of particles that alter the surrounding fluid velocity field
(Boronin and Osiptsov, 2014; Osiptsov, 2017). This lateral migration
of particles is governed by different mechanisms that depend on
the volume fraction of the particles. In the case of dilute suspen-
sions, the transverse motion of particles is induced by an inertial
lateral force, which arises from fluid inertia, particle settling and
the local nature of the shear flow around the particle (Boronin and
Osiptsov, 2014). Two fundamentally different scenarios are
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documented for the motion of particles in a Poiseuille flow through
a plane vertical channel (Adachi et al., 2007; Osiptsov, 2017). The
first scenario involves a neutrally buoyant particle that moves with
no slip relative to the main flow but experiences rotation due to the
shear flow and velocity gradient. The second scenario involves a
negatively buoyant heavy particle that moves with a certain slip
velocity relative to the carrier fluid, which is particularly relevant in
proppant transport (Osiptsov, 2017).

The motion of a neutrally buoyant particle in a Poiseuille flow
through a plane vertical channel has been extensively studied
(Poiseuille, 1836; Segre and Silberberg, 1962) and found that par-
ticles aggregate at an equilibrium radius of 0.62R, known as the
“pinch effect”. Several theoretical studies have analysed the lift
force on a particle in this configuration, which has extended the
applicability of this analysis in terms of the channel Reynolds
number from order unity to large values (Schonberg and Hinch,
1989; Asmolov, 1999; Matas et al., 2004). An analytical expression
is available (Saffman, 1965) for the lift force applied to a small
sphere moving with slip relative to a linear shear flow (in the plane
of the velocity and its gradient) (Fig. 1). In this configuration, the
migration of a particle with non-zero slip velocity in a shear flow of
a viscous fluid results in an "inertial lift" force due to the inertia of
the fluid, not that of the particle inertia (Boronin and Osiptsov,
2014). The lift force is negligible at the vanishing channel Rey-
nolds number in Poiseuille flow. Compared to the lift force on a
neutrally buoyant force-free particle rotating in a shear flow, the lift
force in the presence of the inter-phase velocity slip (the Saffman
lift force) is larger by one order of magnitude. Therefore, when
there is a slip, the contribution of rotation to the lift can be
neglected (Boronin and Osiptsov, 2014; Boronin et al., 2015). When
the particle radius to tube radius (a/R) ratio is 0.06, and the initial
volume fraction is 0.1, no significant radial migration of particles
towards the centre is observed (Hampton et al., 1997). This was
attributed to the effect of inertia, which tends to move particles
midway between the fracture centreline and wall, and the impact
of particle-particle interaction, which tends to concentrate particles
at the centre. These two effects appear to counter each other,
resulting in the observed outcome. Confirming these observations,
it was suggested that fluid inertia cannot be disregarded even in the
flow of highly concentrated suspensions when the Reynolds
number (Rep) is greater than ~0.1 (Han et al., 1999). Additionally, it
is crucial to consider both inertia and particle-particle interaction
even for the low volume fraction of two-phase flow.

In previous studies, researchers have derived expressions for the
inertial lateral force exerted on settling particles in horizontal
viscous flow in a channel with plane vertical walls (Asmolov and
Osiptsov, 2009). The inertial migration of particles in dilute sus-
pension flow through the initial sections of a plane channel (cir-
cular tube), neglecting particle settling, has been investigated
(Osiptsov and Asmolov, 2008). This investigation showed that the
particles migrate towards two planes (rings) at a certain distance
from the channel (pipe) walls, with regions devoid of particles
forming near the walls. In the case of a concentrated suspension,
this migration is diffusive and is attributable to the flow shear and
transverse gradient of particle concentration. This results in the
formation of a non-uniform concentration profile that peaks on the
channel axis (Asmolov et al., 2009) (Fig. 1a). Numerical simulations
by Yan and Koplik (2009) also revealed particle migration towards
the centreline due to inertial effects and the formation of weak
concentration peaks at the walls (Fig. 2). The fluid velocity profiles
are approximately parabolic at low particle concentrations but
flatten systematically and become more uniform as concentration
increases. Particle velocity profiles range from V-shaped to para-
bolic as the particle Reynolds number increases (Yan and Koplik,
2009).



Fig. 1. Lift force on a (a) neutrally buoyant particle when slip is in the plane (Saffman, 1965; Asmolov et al., 2009), (b) and when slip is normal to the plane of fluid velocity under
vertical settling (Asmolov and Osiptsov, 2009). Recreated from Osiptsov (2017).

Fig. 2. Average particle concentration for various bulk concentrations in the case of
neutrally buoyant particles. Recreated from Yan and Koplik (2009).
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However, in actual hydraulic fracturing treatments, the flow
behaviour differs from Poiseuille flow, and a more complex tur-
bulent flow appears (Li et al., 2022). For single-phase fluids, it is
widely acknowledged that as the Reynolds number increases, there
is a marked shift from laminar flow behaviour to the chaotic dy-
namics observed in transitional and turbulent flows (Picano et al.,
2015). Numerous experimental and computational studies have
illustrated a dual-mode particle distribution with a clear peak near
the wall and a broader peak at the channel/fracture centreline
(Picano et al., 2015; Fornari et al., 2016a; Lashgari et al., 2016; Costa
et al., 2018; Zade et al., 2018). The peak proximate to the wall has
been attributed by Picano et al. (2015) to the stabilization of particle
movements stemming from the lubrication between the particle
and the wall d a phenomenon previously seen in laminar flows
(Hampton et al., 1997). Layered particle concentrations have also
been recorded in turbulent suspensions with large beads having a
density slightly greater than water (Baker and Coletti, 2019). This
lubrication relates to the pressure-driven force observed between
the particle and the wall (Ahmadi et al., 2021). Data suggest that
particle movements are fundamentally due to particle collisions for
larger particles in semi-dense flows (volumetric fraction 10%e20%).
These collisions are most common in high-shear zones where the
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particle concentration tends to be at its lowest (Fornari et al.,
2016a). It has been observed that the peak concentration near the
wall increases with both fluid and particle inertia (Ardekani et al.,
2018). The overall drag tends to increase with the volume frac-
tion, exceeding predictions based on viscosity increases from the
presence of particles alone. For the highest volume fractions, there
is a noted decline in velocity fluctuation intensities and Reynolds
shear stress. Stresses induced by particles govern high Re dynamics
and primarily contribute to the increase in drag (Picano et al., 2015).
Thus, reduced turbulence and increased stresses are caused by the
presence of particles in dense environments. As the volumetric
fraction of particles increases, migration to the centreline also in-
creases, possibly due to enhanced collision frequencies. Although
this increases with particle inertia (i.e. increased particle diameter
and density), this migration diminishes with increasing Re, which is
attributable to intensified turbulent mixing (Brandt and Coletti,
2022).

The motion of non-neutrally buoyant particles significantly
impacts the transport of proppants in the fracturing process
(Fig. 1b), where particles settle and translate within a pressure-
driven Newtonian fluid flowing within a vertical fracture. The
particle experiences slip perpendicular to the plane defined by the
maximum fluid velocity and gradient. In this configuration, the lift
force acting on the particle can be defined (Asmolov and Osiptsov,
2009) as a generalization of the Saffman force. This force accounts
for three specific effects: the influence of the walls, particle settling
and local shear within the Poiseuille flow. As a result, the force acts
from the fracture walls towards the fracture centreline plane,
causing settling particles to aggregate on this fracture central plane,
while particle-free layers form near the walls. Consequently, these
effects give rise to a non-uniform concentration profile of prop-
pants across the fracture, which deviates from the conventional
models assuming a uniform distribution (Asmolov et al., 2009;
Boronin and Osiptsov, 2014; Osiptsov, 2017). Theoretical and nu-
merical approaches show (Boronin and Osiptsov, 2014) that particle
migration towards the centre of the fracture leads to an increase in
particle penetration depth and a reduction in gravitational con-
vection at the leading front (Boronin and Osiptsov, 2014).

Heavy particles with higher densities than the carrier fluid have
the potential to detach from the fluid. This can lead to clustering,
preferential sampling and large collision velocities (Bec et al.,
2023). Suspension mechanisms for heavy particles depend on
gravity, turbulence, flow shear and inter-particle collisions. In
typical channel flows, the lower section of the channel has a higher
particle concentration since gravity acts perpendicular to the bulk
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motion of the particle flow direction. However, turbulence in the
carrier phase diffuses the particles within the flow similarly to
acting against the gravitational force (Ahmadi et al., 2021). Exper-
imental investigations of heavy-dilute particle flow in a turbulent
channel showed the impact of Re and particle volumetric concen-
tration on the wall-peaking particle distribution in horizontal flows
(Ahmadi et al., 2021). A bimodal particle distribution was observed
with increasing Re for lower particle concentrations since turbulent
vortices carry some particles away from the wall. In contrast to this
behaviour for higher particle concentrations, near-wall particle
accumulation becomes more stable with increasing Re without
forming a bimodal distribution. The effect of varying the mass and
volume fraction of a suspension of rigid spheres dispersed in a
turbulent channel flow has been studied numerically (Fornari et al.,
2016a) to show that the particle volumetric fraction has a greater
impact on the increase of overall drag than the effect caused by the
density ratio between particle and fluid. Further, shear-induced
migration of particles towards the channel centreline becomes
more intense with the increase of particle density in the turbulent
channel flows.

According to the available literature, most current models used
for proppant transport in fractures assume a uniformly distributed
particle concentration across the fracture channel. However, this
assumption has been challenged in a few recent studies (Boronin
and Osiptsov, 2014; Dontsov and Peirce, 2014b, 2015; Lecampion
and Garagash, 2014). Ignoring this crossflow migration of the
proppant results in an underestimation of penetration length and
sedimentation rate, which affects estimates of propped fracture
area e an important factor controlling the efficiency of fluid re-
covery from the fracture wall during subsequent hydrocarbon
production. As a result, existing models tend to underestimate the
propped length and overestimate the propped height due to the
higher longitudinal velocity of the proppant sheet as compared to
the average flow velocity and more rapid settling due to gravita-
tional convection effects. In suspension channel flows, the forma-
tion of low-concentration layers near the wall (or pure-fluid layers
in cases of low initial particle concentration) and a high-
concentration core flow are common features of particle migra-
tion, regardless of the particle volume fraction (Boronin and
Osiptsov, 2014).

In conclusion, previous research on suspension dynamics in
fracture flow has primarily focused on the Stokes regime and
neglected fluid inertial effects, except for a few studies. There are
numerous studies on neutrally buoyant particle suspensions in
turbulent channel flows, but only a few studies are reported on
dense particle dynamics in turbulent channel flows. The results
obtained for neutrally buoyant particles cannot be directly
extrapolated to cases of dense (particle density > fluid density)
particle flows. Thus, these findings cannot be directly applied to the
transport of proppant particles due to fundamental distinctions in
the lift forces experienced in different scenarios. Specifically, when
proppant particles settle and move within a fracture, the lift force
they encounter is significantly greater in magnitude and consis-
tently directed from the fracture walls toward the fracture centre-
line plane. Additionally, unlike neutrally buoyant particles
transported in channels or tubes, proppant particles lack an equi-
librium position except at the centreline of the fracture/tube. As a
result, they continually migrate from the walls toward the centre-
line until they form a concentrated suspension near the middle
plane. Consequently, this establishes a non-uniform concentration
profile and other forces specific to dense suspensions become
influential.
1911
3.2. Gravitational settling

Particle settling in hydraulic fractures is a widely researched
subject in proppant transport due to its experimental accessibility
and the availability of a specific analytical formula (Osiptsov, 2017).
Theoretical solutions for steady-state settling, assuming a slow flow
regime and disregarding inertia, provide the Stokes settling ve-
locity for a single particle in an infinite fluid. Various complexities
are associated with this phenomenon which impacts the settling
velocity of particles which include: flow inertia, non-Newtonian
rheology of the carrier fluid, hindered settling and particle
agglomeration (clustering) effects (which arise due to the finite
volume fraction of particles in dense suspensions), effects due to
wall retardation and the innate complexity of the evolving fracture
network. Experiments examining longitudinal transport and ver-
tical sedimentation in rough-walled fractures have shown that
roughness impedes settling and causes proppant retardation dur-
ing horizontal transport (Liu and Sharma, 2005; Liu, 2006). The
"Boycott effect," which leads to enhanced sedimentation in inclined
fracture channels, has also been studied (McCaffery et al., 1998;
Nevskii and Osiptsov, 2011). This section discusses the impact of
particle-fluid interactions on particle settling considering the ef-
fects of fluid inertia and turbulent flow.

3.2.1. Hydrodynamic drag
Particle settling out of the suspension is controlled by the

combined effects of gravitational, buoyancy and fluid drag forces
(Barboza et al., 2021). When a particle settles in a fluid, the fluid
retards its movement by exerting a hydrodynamic drag on its sur-
face, with this drag force dependent on the flow regime. According
to the Reynolds number, three different flow regimes have been
identified: Stokes flow, an intermediate regime, and the Newtonian
regime (Clift et al., 1978). Several theoretical, empirical, and nu-
merical models have been proposed in the literature to represent
drag forces or drag coefficients exerted on particles for different
ranges of Reynolds numbers. However, the theoretical drag coeffi-
cient models only exist in the Stokes regime (Clift et al., 1978; Khan
and Richardson, 1987) with other correlations based on empirical
models. Certain assumptions are applied to the Navier-Stokes
equations to obtain the analytical solution. These assumptions are
based on the fluid flow regime and the dominance of the viscous or
inertial forces on particle movement (Roostaei et al., 2020b). The
creeping flow estimation is the most logical assumption to simplify
the Navier-Stokes equations, which is only valid for low Reynolds
number flows. In this case, the convective term of the Navier-Stokes
equation is negligible, and the effect of fluid inertia is completely
neglected compared with the viscous forces (Clift et al., 1978).

The drag force expresses the interaction between the carrier
fluid and a particle, which acts in the opposite direction of the fluid
flow (Barboza et al., 2021; Yao et al., 2022). The drag force (FD) can
be defined as

FD ¼1
2
rv2ACD (1)

where r is the fluid density, v is the velocity of the particle relative
to the fluid, A is often the area defined by an orthographic projec-
tion of the particle on a plane perpendicular to the direction of flow,
and CD is the drag coefficient. The drag coefficient for a spherical
particle can be expressed as

CD ¼24
Re

(2)



Fig. 3. Experimental data linking drag coefficient CD to particle Reynolds number Re
(Yao et al., 2022). Experimental data points from Brown and Lawler (2003).
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with this valid only within the Stokes regime (Re < 0.2) (Clift et al.,
1978), where the particle Reynolds number is

Rep ¼ rvdp
m

(3)

where dp is the particle diameter and m is the dynamic fluid vis-
cosity. For the viscous regime, the corresponding terminal velocity
for a single particle induced by gravity within a fluid of infinite
extent is given as (Novotny, 1977):

vt ¼
gdp

2
�
rp � rf

�
18m

(4)

However, Stokes flow requires certain assumptions that are
typically violated during the conditions of proppant transport in
hydraulic fracturing and therefore cannot be used to predict the
settling of proppants in a two-phase confined slurry flow (Gadde
et al., 2004; Liu and Sharma, 2005; Palisch et al., 2008; Dayan
et al., 2009; King, 2010) due to the following reasons:

(1) Particles are assumed to be perfectly spherical, typically
violated in actual conditions.

(2) Stokes law is only valid for predicting the terminal velocity of
a single particle and spatial variations in flow velocity may
render the flow non-steady.

(3) For proppant settling within slurry flow, the settling of one
particle is affected by the presence of other particles, which
Stokes settling does not quantify.

(4) Hydraulic fracturing is a dynamic process, and the Stokes law
is only valid for static fluid or creeping flow. Thus, this is only
applicable to predict the proppant settling during fracture
closure after fracture propagation. (i.e. after pumping ceases
after fracture treatment).

(5) In the hydraulic fracturing process, the settling velocities of
particles are significantly influenced by the presence of the
fracture walls. The reduction in settling velocity caused by
wall roughness cannot be incorporated into proppant
settling via the infinite fluid assumption for Stokes law.

(6) High fluid injection rates in hydraulic fracturing generate
non-Darcian/turbulent flows. At high flow rates, inertial ef-
fects dominate over viscous effects. Thus, turbulent and in-
ertial effects further complicate the quantification of
proppant settling, and Stokes law is no longer valid for such
non-creeping flow conditions.

A particle subject to free-settling within a fluid typically transits
two stages. The first stage is acceleration, where the settling ve-
locity increases with the increasing drag force. The second and later
stage is the equilibrium stage, where the particle achieves terminal
velocity (the maximum settling velocity) with a constant drag
force. In this stage, the drag force is equal to the buoyant weight of
the particle. The standard drag coefficient curve (Fig. 3), recovered
from experimental data, identifies four regimes: laminar flow (or
Stokes’ regime) Rep < 1, an intermediate regime in 1 < Rep < 1000, a
turbulent regime (or Newton's regime) in 1000 < Rep < 2� 105, and
a boundary-layer-separation regimewithin Rep> 2� 105 (Dey et al.,
2019; Yao et al., 2022). Many cases of proppant settling during
hydraulic fracturing occur within the intermediate regime (Mack
et al., 2014), and analytical solutions are unavailable. Efforts have
concentrated on deriving empirical correlations linking Re to drag
coefficient CD from experimental data.

3.2.2. Effect of fluid inertia on hydrodynamic drag
Fluid inertia is one of the key factors influencing the settling of
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particles (Sahai, 2012; McClure and Kang, 2017; Roostaei et al.,
2020b). Analytical solutions to Stokes flow have advanced to
investigating the impact of inertial effects from experimental ob-
servations, which involve changes in particle speed and drag force
at finite particle Reynolds numbers and the collective dynamics
that arise in suspensions (Roostaei et al., 2020b; Brandt and Coletti,
2022). Except for very low Re flows (creeping laminar flow), fluid
inertial effects cannot be neglected, and their impact on the drag
force on a particle becomes significant. Additional drag forces are
applied to particles in addition to those representative of the Stokes
regime (Di Vaira et al., 2020; Roostaei et al., 2020a; Brandt and
Coletti, 2022). In individual particle motion, the viscous drag
force ensures that the particle follows the fluid flow path or
streamline. Conversely, inertial lift forces can divert the particles,
making them veer away from the fluid streamlines that they would
otherwise follow (Manoorkar and Morris, 2021). Far away from the
particle, the fluid inertial force may not be trivial relative to the
viscous force, and the viscous force can be predominant only if the
disturbance decays exponentially (Oseen, 1910) - with this sug-
gesting a correlation by linearizing the inertial term in the Navier-
Stokes equation rather than ignoring it. Table 1 shows some theo-
retical approaches after Oseen (1910), with Table 2 identifying
some proposed empirical correlations for the drag coefficient
beyond the Stokes regime.

Proppant transportation and settling models have been devel-
oped, incorporating such inertial effects, using the three-
dimensional (3D) hydraulic fracture simulator (UTFRAC-3D)
(Gadde et al., 2004). This model was developed to account for the
effect of fluid inertia associated with high relative velocities be-
tween the fluid and the moving proppant within a fracture, on the
settling velocity of the proppant. The simulations showed that in-
ertial effects become significant at high settling velocities for par-
ticle Reynolds numbers greater than two (Rep > 2). Fig. 4 shows a
graphical representation contrasting settling rates according to the
Stokes equation and the corrected correlation for terminal velocity.
At higher particle Reynolds numbers, settling rates of the proppants
are significantly reduced due to the inertial effect (Gadde et al.,
2004). The following correlation, proposed by (Happel and
Brenner, 1983), was used to account for the fluid inertial effect on
proppant settling at higher Reynolds numbers (2 < Rep < 500). The
corrected drag coefficient and settling velocity are given as



Table 1
Theoretical correlations for drag coefficient CD of a spherical particle settling in Newtonian fluids for intermediate Reynolds numbers.

Source Correlation Reynolds number (Re) range

Oseen (1910)
CD ¼ 24

Re

�
1 þ 3

16
Re

�
Re < 10

Goldstein (1929)
CD ¼ 24

Re

�
1 þ 3

16
Re� 19

1280
Re2 þ 71

20408
Re3 � 30179

34406400
Re4 þ 122519

550502400
Re5

�
Re < 2

Proudman and Pearson (1957)
CD ¼ 24

Re

�
1 þ 3

16
Re þ 9

160
Re2 log10

Re
2

�
Abraham (1970)

CD ¼
� ffiffiffiffiffiffiffiffi

24
Rep

s
þ 0:5407

�2 Rep � 6000

Mikhailov and Freire (2013)
CD ¼ 1920 ð3696þ 1665 Rep þ 136 Rep2Þ

Repð295680þ 77760 Rep þ 689 Rep2Þ
Rep � 10

Table 2
Empirical correlations for the drag coefficient of a spherical particle settling in Newtonian fluids for intermediate Reynolds numbers.

Source Correlation Rep range

Schiller and Naumann (1935)
CD ¼ 24

Rep
ð1 þ 0:15 Rep0:687Þ Rep � 800

Roos and Willmarth (1971)
CD ¼ 1:2028

Rep

765:4926þ 99:5463 Rep þ 0:5123Rep2

34:5236þ 1:4370Rep þ 2:5926�10�6Rep
2

Rep � 2 � 104

Clift et al. (1978)
CD ¼ 24

Rep
ð1 þ 0:1315 Rep0:82�0:05 log Rep Þ

log10CD ¼ 1:6435� 1:1242 log10Rep þ 0:1558ðlog10RepÞ2
log10CD ¼ � 2:4571þ 2:5558 log10Rep � 0:9295ðlog10RepÞ2 þ 0:1049ðlog10RepÞ3
log10CD ¼ � 4:3390þ 1:5809 log10Rep � 0:1546 ðlog10RepÞ2

0.01 � Rep � 20
260 � Rep � 1500
1500 � Rep � 1.2 � 104

4.4 � 104 � Rep � 3.38 � 105

Khan and Richardson (1987) CD ¼ ð2:25 Rep�0:31 þ 0:36 Rep0:06Þ3:45 0.01 � Rep � 3 � 105

Brown and Lawler (2003)
CD ¼ 24

Rep
ð1 þ 0:15 Rep0:681Þþ 0:407

1þ 8710=Rep
Rep � 2 � 105

Cheng (2009)
CD ¼ 24

Rep
ð1þ 0:27RepÞ0:43 þ 0:47ð1� e�0:04Rep

0:38 Þ Rep � 3 � 105

Morrison (2013)
CD ¼ 24

Rep
þ 2:6Rep=5:0

1þ ðRep=5:0Þ1:52
þ 0:411ðRep=2:63� 105Þ�7:94

1þ ðRep=2:63� 105Þ�8:0 þ 0:25Rep=106

1þ Rep=106

Terfous et al. (2013)
CD ¼ 2:689þ 21:683

Rep
þ 0:131

Rep2
� 10:616

Rep0:1
þ 12:216

Rep0:2
Rep � 2 � 105

Fig. 4. Terminal velocities of different size particles predicted by Stokes settling and corrected for inertial effect for (a) fluid viscosity 1 cP and (b) fluid viscosity 10 cP
(1 cP ¼ 0.001 Pa s) (replotted from Gadde et al. (2004)).
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CD ¼ 18:5

Re0:6p

(5)

VRe ¼
20:34

�
rp � rf

�0:71
d1:14p

r0:29f m0:43
(6)

where vRe is the settling velocity, rp is the particle density, rf is the
fluid density, m is the fluid viscosity, dp is the particle diameter, and
g is the gravitational acceleration.

Inertial effects associated with high relative velocities between
the proppants and the fluid significantly reduce the settling rates of
the particles, with the settling velocities of the proppants reduced
by a factor of 2e6 (Liu, 2006) - in agreement with previous findings
(Gadde et al., 2004). The motion of small groups of solid spheres
settling under constant gravitational forces is affected by the inertia
of the surrounding fluid at low Reynolds numbers with significant
fluid inertia causing small clusters of solid spheres to approach each
other along the line connecting their centres (Leshansky et al.,
2003). Recent investigations examine the effect of fluid inertia
and other hydrodynamic forces on the motion of small spherical
solid particles in a turbulent flow using direct numerical simulation
(DNS) (Zhang et al., 2021). The hydrodynamic force is decomposed
into several component forces, including stationary drag, force
history, lift forces, added-mass effect and a fluid inertial force.
Based on the results, the fluid inertia effect dominates in control-
ling the motion of light particles (rp/rf < 1) but can be neglected for
heavy particles (rp/rf > 10). Zhang et al. (2021) confirmed that the
fluid inertial force is negligible compared to the drag force for
particles of very small diameters (typically Stokes numbers <1, Eq.
(7)) when the density ratio (rp/rf) is of order one or larger. However,
with the increase of particle Stokes number, the density ratio also
needs to be increased if the fluid inertial effect is to be neglected on
the motion of particles (Zhang et al., 2021).

Moreover, accommodating the particle fluid interaction force is
vital in the numerical modelling of two-phase flows in fractures
and other channels. Generally, this interaction force is divided into
several components, and interphase drag force is one component
among them (other components are pressure gradient force, lift
force, virtual mass force and turbulent dispersive force) (Liu et al.,
2022). Several drag models have been introduced to model the
interphase drag force to describe the momentum exchange be-
tween solid and fluid phases. The most commonly used drag
models are given in Table 3 with some of these models based on
empirical correlations. The Wen and Yu model (Wen and Yu, 1966)
is most suitable for dilute particle suspensions among these
models. Likewise, Syamlal-O’Brien, Gidaspow, and modified
Gidaspow models are efficient for low and high solid concentra-
tions (Liu et al., 2022). Even though the same drag coefficient (CD) is
used in several models, the interphase momentum exchange (b) is
typically calculated in different ways, which is not included in this
table.
3.2.3. Effect of turbulent flow on particle settling
The turbulent flow of the suspending fluid affects the settling

velocity of particles in a suspension (Gadde et al., 2004). Even at
low particle concentrations, the velocity fluctuations of suspended
particles are highly attenuated in a slurry flow (Bare�s et al., 2014).
The interaction between the fluid phase and the particulate phase
is bidirectional, meaning that the turbulence of the fluid phase
(carrier-phase) impacts the dispersion and preferential accumula-
tion of the solid phase (particulate phase), which in turn modulates
fluid turbulence (Bagchi and Balachandar, 2003). Characterization
1914
using Stokes law (viscous regime absent inertia) becomes invalid
and loses accuracy at large Reynolds number flows since the tur-
bulent flow can apply lift and drag to particles (Fjaestad and Tomac,
2019). Small particles in a turbulent environment assume turbulent
behaviour due to their response to fluid velocity fluctuations (Mei
et al., 1997). In fracture flow, smaller particles tend to react more
effectively to higher flow rates and are carried along by turbulent
vortices above the bed of the proppant. This phenomenon causes
the formation of a smaller proppant bed, enabling the slurry,
composed of smaller sand particles, to travel further along the
fracture system (Tomac and Tartakovsky, 2018).

The dynamics of particle settling in turbulent flow depend on
the density ratio between solid and fluid, solid volume fraction, and
Galileo number (Ga, the ratio between buoyancy and viscous
forces), with this dynamic behaviour further complicated by the
interaction between solid particles and eddies created in the tur-
bulent flow (Fornari et al., 2016c). The Stokes number (S) defines
the impact of small-scale turbulence on particle movement. It is the
ratio between particle relaxation time (tp ¼ [d2(rp � rf)/(18m)]) to
Kolmogorov time scale (fluid response time) tk [(n/ε)1/2]. It is a
characteristic time scale at which the smallest turbulent eddies
dissipate their energy through viscous forces. The Stokes number
(S) is expressed as (Bec et al., 2014):

S ¼ tp
tk

¼ D
18

�
d
h

�2

(7)

where ε is the turbulent kinetic energy dissipation rate, and h is the
Kolmogorov length scale [(n3/ε)1/4], where the Kolmogorov length
scale is the length scale at which the smallest turbulent eddies
dissipate their energy through viscous forces (Bec et al., 2014).
Certain conditions must be met to prevent particles from signifi-
cantly influencing turbulence (one-way coupling). These include
having a small volume and mass fraction and ensuring that the
particle size is smaller than the Kolmogorov scales (Balachandar
and Eaton, 2010). However, as the number and the density of par-
ticles increases, it becomes necessary to consider the impact of the
suspended phase on the flow. When individual or agglomerated
particles grow larger than the smallest flow structures, called finite-
size particles, the geometric effects associated with the local
deformation of the fluid flow become notable (Brandt and Coletti,
2022).

There are four mechanisms by which a turbulent velocity field
with zero mean velocity (homogeneous, isotropic turbulence) im-
pacts the settling or rising velocity (terminal velocity) of a single
particle (Nielsen, 1993). These delaying effects are the nonlinear
drag on large particles, trapping inside eddies (vortex trapping),
fast tracking and the loitering effect (Dey et al., 2019). The reduction
of terminal settling velocity caused by nonlinear drag is expected to
be significant for the settling of coarser particles. In vortex tapping,
forced vortices can capture particles, decreasing their terminal
settling velocity. The fast-tracking mechanism enhances the ter-
minal fall velocity by directing the particles towards a preferred
trajectory (Fig. 5). Strong and persistent eddies tend to fast-track
the small, heavy particles, eventually causing a substantial in-
crease in settling velocity (Maxey and Corrsin, 1986). The key idea
behind the effects of loitering is when a particle falls through a non-
uniform velocity predominantly in the opposite direction of the
particle motion e then the particle velocity is retarded, and the
particle loiters. As a result, coarser particles experience a retarding
effect, such as particles falling along a vertical line of symmetry.
However, in homogeneous and isotropic turbulence, loitering ex-
erts a negligible impact (Fornari et al., 2016c). The impact of tur-
bulence on particle settling is controversial, and turbulence can



Table 3
Common drag models for fluid-particle two-phase flow numerical modelling and relevant proppant transport modelling approaches.

Model Drag coefficient/Reynolds number Proppant transport modelling approach

Schiller-Naumann model
(Schiller and Naumann,
1935)

CD ¼
8<
:

24
Rep

ð1þ 0:15 Rep0:687Þ ðRep <1000Þ

0:44 ðRep � 1000Þ
Wen-Yu model (Wen and Yu,

1966) CD ¼
8<
:

24
Rep

ð1þ 0:15 Rep0:687Þ ðRep <1000Þ

0:44 ðRep � 1000Þ

CFD-DEM (Zeng et al., 2016; Zhang et al., 2017b, 2020b; Wang et al., 2019);
MP-PIC (multiphase particle in cell) (Mao et al., 2021)

Gidaspow model (Gidaspow,
1994)

Huilin-Gidaspow model (Huilin
and Gidaspow, 2003)

Ergun model for 4 > 0.2 (Dense flow)
Wen-Yu model for 4 < 0.2 (Dilute flow)

CD ¼
8<
:

24
4Rep

ð1þ 0:15 4Rep0:687Þ ðRep <1000Þ

0:44 ðRep � 1000Þ
4 is the particle volumetric fraction

CFD-DEM (Tomac and Gutierrez, 2014; Zhang et al., 2017a, 2017c, 2022b, 2022c; Lu
et al., 2020; Hu et al., 2021; Liu et al., 2021; Wang et al., 2022a);
TFM two-fluid model (Li et al., 2018; Yang et al., 2019; Gong et al., 2020; Zhou et al.,
2023);
DDPM (Tong and Mohanty, 2016; Zhang et al., 2020c);
Hybrid model (CFD-DEM and Eulerian Granular) (Suri et al., 2019)

SyamlaleO’Brien model
(Syamlal and O'Brien, 1989) CD ¼

�
0:63þ 4:8ffiffiffiffiffiffiffiffiffiffiffiffiffi

Re=Vr
p

!2 EGM (Eulerian granular model) (Han et al., 2016)

Helland model (Helland et al.,
2007) CD ¼

8<
:

24
Rep

ð1þ 0:15 Rep0:687Þ ðRep <1000Þ

0:44 ðRep � 1000Þ
Di Felice model (Di Felice, 1994)

CD ¼
�
0:63þ 4:8ffiffiffiffiffiffiffiffi

Rep
p

!2 CFD-DEM (Kou et al., 2018; Wu and Sharma, 2019; Yamashiro and Tomac, 2020a; Qu
et al., 2022; Zhang et al., 2022a; Pu et al., 2023 Zhu et al., 2023)

Fig. 5. Small heavy particles subjected to fast-tracking and larger particles subjected to
delay during settling (Nielsen, 1993).
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either enhance, reduce or inhibit the settling of particles (Fornari
et al., 2016c).

Particles with low inertia tend to be expelled from the core of
eddies, and these particles accumulate within areas with low
vorticity and high strain rates (Squires and Eaton, 1991). Due to
both this effect and gravitational settling, particles tend to be swept
into downdraft areas (preferential sweeping or fast-tracking).
Therefore, the mean settling velocities of the particles increase.
This dynamic behaviour is observed in simulations of random flows
(Maxey, 1987) and turbulent flows (Wang and Maxey, 1993) and is
experimentally confirmed (Nielsen, 1993; Aliseda et al., 2002; Yang
and Shy, 2003, 2005). This effect of increased settling has been
attributed to inertial bias, with it concluded that small-scale (Kol-
mogorov) fluctuations are more critical in determining the increase
of settling velocity (Maxey, 1987; Wang and Maxey, 1993). Ac-
cording to some studies, particle settling rates in a turbulent flow
are mainly affected by two mechanisms (Bagchi and Balachandar,
2003). The first mechanism is the non-linear dependency of drag
on the relative velocity. Themean settling velocity in turbulent flow
is less than that in stagnant flow, resulting in a greater drag force
than in stagnant flow (Bagchi and Balachandar, 2003). This effect
1915
decreases with decreasing Reynolds number and completely van-
ishes in viscous Stokes flow. The second and more complex
mechanism is the formation of preferential trajectories by freely
falling particles. Themean fluid velocity experienced by a particle is
not uniform throughout the entire region. Due to this effect, the
mean settling velocity of a particle increases and the drag force is
reduced (Bagchi and Balachandar, 2003). Also, particles undergoing
settling in turbulent flows tend to preferentially accumulate in
areas where the vertical fluid velocity is in alignment with gravi-
tational forces (Bec et al., 2014). This phenomenon increases their
average settling rate, congruent with previous experimental and
numerical observations (Maxey, 1987; Wang and Maxey, 1993;
Bagchi and Balachandar, 2003). One of the most important results
of numerical analysis is that the settling velocity of particles in-
creases to a maximum when the ratio of particle relaxation time
and Kolmogorov time scale approaches a value of unity (Wang and
Maxey, 1993). These numerical results show a variation of settling
velocity compared to settling in a quiescent fluid as a function of
the ratio of the two-time scales (Wang and Maxey, 1993). The re-
sults are normalized by the Kolmogorov velocity, which is equiva-
lent to the Stokes settling velocity. Also, as shown in Fig. 6, these
results indicate a variation in maximum settling velocity with
Reynolds number (with increasing Reynolds number, the change in
settling velocity increases) (Mack et al., 2014).

In contrast, a reduction in mean settling velocity has been re-
ported in experimental observations (Yang and Shy, 2003; Kawanisi
and Shiozaki, 2008) and numerical simulations (Wang and Maxey,
1993; Good et al., 2014). However, the reduced settling velocity can
only be investigated by DNS if the drag force imparted by nonlinear
effects is considered (i.e. for a finite particle Reynolds number)
(Good et al., 2014; Fornari et al., 2016c). The non-linear drag force
attenuates the increased settling velocity caused by turbulence in
the suspending fluid (Mei et al., 1997). It has been shown experi-
mentally (Tooby et al., 1977) that forced vortices with horizontal
axes can trap heavy particles and thus eliminate their settling ve-
locity. Also observed is that vortex-trapping effects are unrelated to
the nonlinearity of the drag force (Nielsen, 1993). Themean settling
velocity of a particle is reduced when the particle terminal velocity
is greater than the turbulent velocity fluctuations (when the ratio
tpg/u/ is greater than 1, where tp ¼ 2(rp/rf)a2/(9n) is particle
relaxation time with the particle radius, n is the fluid kinematic



Fig. 6. (a) Relative increase of settling velocity as a function of Stokes number for various Reynolds numbers (Wang and Maxey, 1993) (replotted from Mack et al. (2014)), and (b)
Relative increase of settling velocity for different Froude numbers (replotted from Bec et al. (2014)).
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viscosity and u/ is the turbulent velocity fluctuations) (Good et al.,
2014). It can be concluded that when the Stokes settling velocity
of a particle is sufficiently high, these particles follow a straight
vertical path during freefall and cannot sidestep the turbulent
eddies due to their weak horizontal velocity fluctuations. Thus, the
effect of fast-tracking is suppressed, and the mean settling veloc-
ities are reduced due to an increment of drag related to the Finite
Reynolds number (Fornari et al., 2016c). An empirical correlation
between the terminal velocity of a particle settling in a turbulent
flow (Clark and Quadir, 1981) shows an increased drag (decreased
settling velocity) of particles in a turbulent flow (750 <
Re < 3.5 � 105, CD ¼ 0.445 (constant)) as (Clift et al., 1978):

vt ¼1:74

2
42a

�
rp � rf

�
rf

3
5

1
2

(8)

The mean settling velocity progressively decreases as the den-
sity ratio between the particle and the fluid (rp/rf) decreases in
homogeneous isotropic turbulence (HIT) (Fornari et al., 2016b, c).
Also, the interactions between particles and turbulent eddies
further complicate the settling process. Thus, the reduced settling
speed of the particle is attributed to the increase in the nonlinear
drag force caused by large fluctuations in relative velocities. Within
HIT, the mean settling velocity of particles is reduced when
compared to those in the quiescent fluid - this reduction can be of
6%e60% when compared to the terminal settling velocity of an
isolated particle in quiescent fluid (Fornari et al., 2016c). The most
striking result of this study is a significant reduction of mean
settling velocity compared to the terminal settling velocity of a
single particle in a still/quiescent fluid with decreasing Galileo
number Ga (the ratio between buoyancy and viscous forces) (Fig. 7).
Also, when the turbulent fluctuations are larger than the charac-
teristic reference velocity of the particle settling process (terminal
settling velocity of an isolated particle), the overall drag force on a
particle increases considerably (Fornari et al., 2016c). This behav-
iour is attributed to the increment of variance of particle velocity
and the increased intensity of the particle relative motion. These
results (Fornari et al., 2016c) are consistent with other recent
findings (Homann et al., 2013; Chouippe and Uhlmann, 2015),
which suggest a higher nonlinear drag in turbulent flow when
compared to laminar flow. In addition, at low-volume fractions, the
settling rate is strongly affected by the interaction with turbulence
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(Fornari et al., 2019). The hindering effect at high-volume fractions
becomes the dominant factor determining settling rates, while
particle velocity variations in the direction of gravity are consis-
tently influenced by turbulence (Fornari et al., 2019).

In conclusion, fluid inertia plays a significant role in determining
the settling velocity of particles within fracture flow by altering the
fluid drag experienced by the particles, resulting in significant de-
viations from predictions based solely on Stokes law. Furthermore,
at even higher Re flows (high inertia flow), flow turbulence within
fractures can further complicate the settling dynamics of particles.
Additionally, the turbulent dynamics are altered by the interactions
between particles and turbulent eddies. Sizes of these eddies range
from largest (channel scale) to smallest (Kolmogorov scale) scales;
thus, in such situations, additional parameters, including the ratio
between particle diameter and a characteristic length-scale of the
turbulence, the ratio of the particle relaxation time to a turbulent
time scale, and the relative turbulence intensity (defined as the
ratio between the root-mean-square turbulent velocity and the
terminal settling speed of the particle) should be considered.
Overall, the reduction in mean settling velocity is due to the un-
steady effects and nonlinearity of the drag forces. Since a compar-
atively large number of parameters and complex feedbacks are
involved, the particle settling phenomenon remains incompletely
understood. Also, detailed studies of the dense concentrations of
particles (i.e. proppant, sand particle) settling in fractures under
turbulent flow conditions are limited - with most experimental and
numerical studies focusing on low-density concentrations of solid
suspensions. Thus, such observations in fluid dynamics cannot be
directly extrapolated to the case of proppant transport, where the
suspensions are not dilute. Turbulent fluctuations in velocity and
pressure exert additional forces on the particles, causing them to
experience enhanced dispersion and altered settling. Understand-
ing the interplay between fluid inertia, flow turbulence, and par-
ticle settling is crucial for accurately predicting particle behaviour
and resulting transport within fracture flow environments.

3.3. Effect of temperature-dependent fluid viscosity on particle fluid
interactions

Turbulent flows feature eddies of various sizes, with the size of
the largest eddies constrained by the flow boundaries of the system
(Doran, 2013). At elevated Reynolds numbers, the turbulence
experienced by large-scale eddies is not influenced by fluid



Fig. 7. (a) Mean settling velocity as a function of Galileo number (Ga) for quiescent and turbulent settling, and (b) Relative contribution to the overall mean drag in a turbulent flow
(replotted from Fornari et al. (2016c)).
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viscosity. These large eddies are inherently unstable within tur-
bulent flows, forming smaller eddies and generating even more
minor eddies. This hierarchy of turbulence scales exists simulta-
neously and overlays the average flow, with smaller eddies nested
within larger ones. As the Reynolds number grows, the spectrum of
eddy sizes expands due to the smallest eddies becoming smaller
with increased fluid velocity or reduced viscosity (Doran, 2013;
Ting, 2016). The large eddies, which also hold most of the Turbulent
Kinetic Energy (TKE), are the primary contributors to momentum
transport in turbulent flows. Conversely, the motion at more minor
scales is linked to significant velocity gradients and high shear
stresses. At the scale of the smallest eddies, the energy they receive
is dissipated as heat due to viscosity and fluid friction, which breaks
down the eddy structure and velocity gradients (Ting, 2016). The
fluid viscosity and the intensity of the velocity gradient determine
the efficiency of viscous energy dissipation by the smallest eddies.
Thus, even in high Reynolds number flows where inertial forces
generally outweigh viscous forces, viscosity remains crucial at the
smallest scales of turbulence. The elevated shear stresses at these
minor scales result in higher energy dissipation rates in turbulent
flow than in laminar flow (Doran, 2013). The relationship between
fluid viscosity and turbulence is nuanced and can appear contra-
dictory at first glance. The statement that turbulence decreases
with decreasing fluid viscosity might seem counterintuitive since
lower viscosity typically leads to higher Reynolds numbers asso-
ciated with increased turbulence. However, the context in which
viscosity decreases can significantly affect turbulence differently.

Unlike viscosity, for most standard heat transfer fluids, proper-
ties such as density, specific heat, and thermal conductivity largely
remain unaffected by temperature changes. Compared to models
assuming constant viscosity, analyses incorporating temperature-
dependent viscosity reveal marked disparities in fluid velocity
statistics across the channel, especially near the walls (Marchioli
et al., 2012). Studies on turbulent flows through heated-wall
pipes and channels have detected notable changes in flow dy-
namics due to temperature-dependent viscosity. The secondary
flows close to the heated wall become larger and more vigorous.
The fluid layer affected by viscosity near the heated wall also be-
comes considerably thicker than when heating is applied (M�etais
and V�azquez, 2002). Contrary to expectations, the colder sections
of the channel, characterised by higher viscosity, show an increase
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in turbulence, while the warmer sections, where viscosity is lower,
exhibit reduced turbulence (M�etais and V�azquez, 2002; Marchioli
et al., 2012). The heightened viscosity near the cold wall notably
boosts TKE and diminishes the average velocity gradient.
Conversely, at the warmer wall, reduced viscosity leads to subdued
turbulence due to increased viscous dissipation, and velocity fluc-
tuations become more sporadic. This pattern of intermittent fluc-
tuations is also observed beyond the buffer zone on the colder side
of the channel (Marchioli et al., 2012). Thus, while the fundamental
principle that lower viscosity should lead to more turbulence holds
under many conditions, the relationship is complex and influenced
by various factors, including flow geometry, temperature gradients,
and the specific energy transfer dynamics within the turbulent
flow.

The impact of temperature-dependent viscosity on particle dy-
namics in turbulent flows is a complex interplay that significantly
influences particle behaviour, distribution, and transport. However,
studies regarding the impact of temperature-dependent viscosity
on particle-laden turbulent flows are rarely found in literature in
the context of dense particle dynamics. Particles within turbulent
flows often form clusters and voids rather than remaining evenly
dispersed (Toschi and Bodenschatz, 2009; Banko et al., 2020). This
non-uniform distribution of particles in turbulent flows is primarily
due to the centrifugal forces generated by eddies, which drive
particles from areas of high vorticity to areas of high strain rate, a
process known as preferential concentration (Squires and Eaton,
1991; McLaughlin, 1994; Banko et al., 2020). This phenomenon of
preferential concentration is observed at the Kolmogorov scale for
Stokes numbers near unity. It extends to larger scales of turbulence,
such as the inertial or integral length scales. Hence, particle clus-
tering is common across a wide range of turbulent flow conditions
(Bragg et al., 2015). Temperature-dependent viscosity alters the
preferential concentration of particles, affecting their clustering
within the flow and the regions where particles preferentially
concentrate can shift, leading to changes in particle distribution
and clustering patterns (Squires and Eaton, 1991; Eaton and Fessler,
1994). Here, the decrease in viscosity leads to lower drag on the
particles, making them less prone to being carried by the fluid
phase. Consequently, particles are more likely to stay within clus-
ters, even though the decay of TKE occurs at a slower rate. Particle
clusters form regardless of the Stokes number, but the clustering
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characteristics vary according to the functional behaviour of
temperature-dependent viscosity (Saieed et al., 2022).

Some studies have highlighted that, as the temperature changes
viscosity, it directly impacts the settling behaviour of particles
within two-phase flows (McCullough et al., 2020) and the ther-
mophoretic effect (Reeks, 1983), which causes particles to migrate
towards regions of lower turbulence intensity. However, most of
these studies are limited to low Reynolds number flows or highly
temperature-sensitive fluids (like polymers), gases different from
the Newtonian fluids focused on in this review, and studies related
to dense particle-laden turbulent flows are rarely reported.

4. Particle-particle interactions

Particle settling unaffected by the presence of other particles or
adjacent walls or boundaries is known as free settling (McMechan
and Shah, 1991b). In a classification by Tsuji (2007), the dominant
mechanism for the particle-particle interactions has been consid-
ered, and two-phase flows have been classified into three
categories:

(1) Collision-free flow: Particle-particle interactions can be
neglected.

(2) Collision-dominated flow: With an increase in particle con-
centration within the fluid, particles collide with each other
but still become dispersed in the flow field.

(3) Contact-dominated flow: As the particle concentration in-
creases, particles tend to contact each other rather than
become dispersed.

The collision-free flows require dilute suspensions, and
collision-dominated and contact-dominated flows are a conse-
quence of dense suspensions. According to this classification and
these definitions, a proppant-fluid two-phase flow can be consid-
ered a dense suspension (Crowe et al., 2011). A particle concen-
trationwithin a solid-liquid two-phase flow can be used as an index
to identify the dilute or dense nature of the flow. Typically, a low
particle concentration causes dilute two-phase flow, and high
particle concentrations cause dense two-phase flows. Generally, a
flow field can contain multiple and heterogeneous regions of dilute
and dense flows. Particle settling within a dilute flow depends on
the drag force exerted by the fluid. In the case of dense flow, it also
depends on the inter-particle collision (particle-particle interac-
tion) (Crowe et al., 2011). The presence of multiple particles and
fluids within a system increases the effective viscosity of the
flowing media, which is represented as a slurry viscosity. Also, it
accounts for a return flow, which changes the drag forces and ter-
minal velocities of each particle within the system (Roostaei et al.,
2020b). This phenomenon is the same as with proppant transport,
and when a large number of particles are flowing or settling within
a single-flow region, the drag force acting on a proppant by the fluid
will differ from the drag force exerted on a single isolated particle
(Yao et al., 2022). Particle-particle collisions enhance the dispersion
of particles within the flow, although the impact is somewhat less
noticeable when compared with the impact of rough walls
(Mallouppas and van Wachem, 2013). Particle clustering and hin-
dered settling have been identified as cumulatively affecting par-
ticle settling velocity for concentrated slurries of proppants/
particles (Wen et al., 2022). The contributions of these mechanisms
vary significantly with proppant/particle concentrations
(McMechan and Shah, 1991a; Mack et al., 2014; Huang et al., 2023).

4.1. Hindering effect

In the context of Stokes flows, the decrease in the average
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settling speed of particles in suspensions is attributed to a hin-
drance effect. This effect arises from an upstream fluid flow on
average, which can be explained by the principle of mass conser-
vation (Guazzelli and Morris, 2011; Fornari et al., 2019; Morris,
2020). Hindered settling is significantly different from free
settling since the terminal velocity of a particle is affected and
hindered by surrounding particles when the particles within a
slurry flow are sufficiently close (Clark and Quadir, 1981; Barboza
et al., 2021). As a result, the mean settling speed of the suspen-
sion decreases with increasing volume fraction and becomes
smaller than the terminal settling speed of an isolated particle
(Fornari et al., 2019). The setting velocities monotonically decrease
with incremented particle concentrations - in the absence of
interparticle aggregations (Liu and Sharma, 2005). Even though the
hindrance can be neglected in dilute slurries, the effect becomes
significant at high particle concentrations (Mack et al., 2014; Sahai
et al., 2014). In the case of particles settling in narrow slots and
pipes, a uniform spatial distribution of particles within the flow is
generally assumed and most existing experimental correlations
relate average slurry settling velocity to the velocity of a single
particle (Novotny, 1977; Harrington et al., 1979; Hannah and
Harrington, 1981; Shah and Lord, 1990; Shah et al., 2007). The
drag coefficient of a particle settling within a clustering environ-
ment is affected by several factors, including the number of sur-
rounding particles, the relative position of the particles, the
distance between particles, the particle Reynolds number and the
presence of the boundary to the fluid medium (in this experiment a
pipe wall) (Liang et al., 1996). Both increments and decrements of
the drag coefficient were observed when compared with the drag
coefficient on an isolated particle. Hindered settling occurs above
the settled bank at elevated proppant concentrations, especially
considering proppant movement in the more concentrated salta-
tion layer (Barree and Conway, 1995; Mack et al., 2014). Therefore,
hindered settling effects should be included in the modelling of
hydraulic fracturing operations, given typical proppant concentra-
tions (Mack et al., 2014; Hu et al., 2019). Due to proppant settling,
proppant concentration typically increases downwards, which can
rapidly develop a vertical concentration gradient with an effective
fluid low-viscosity (McMechan and Shah, 1991a). As a result, hin-
dered settling effects evolve with location and time, affecting
proppant settling velocity differentially across the medium (Huang
et al., 2023).

Correlations for hindered settling of particles have been previ-
ously reported (Burgers, 1942; Maude and Whitmore, 1958; Barnea
and Mizrahi, 1973; Zigrang and Sylvester, 1981; Richardson and
Zaki, 1997). The hindered settling velocity is quantified by the
(terminal) velocity of the hindered particle over its free (terminal)
settling velocity. Table 4 summarizes the available correlations
correlating the hindered settling with particle concentration and
particle Reynolds number.

4.2. Clustering effect (particle agglomeration)

When particles are sparsely distributed in the dilute flow
regime, collisions are rare and fluid drag is the dominant force
affecting their motion. However, as particle concentrations increase
and the separation between particles decreases, collisions occur
more frequently (Luo and Tomac, 2018a), impacting how the slurry
flows (Tomac and Gutierrez, 2014). Previous studies have shown
that dense particle slurries can experience particle clustering,
enhancing settling in still (quiescent) suspensions, and these
findings have been supported by several studies (McMechan and
Shah, 1991a; Economides and Nolte, 2000; Liu and Sharma, 2005;
Luo and Tomac, 2018a). Some experimental studies have shown
that in dilute slurry transport flows, proppants move together but



Table 4
Correlations for hindered settling velocity of particles and their applicable conditions, where vhs is the hindered settling velocity, vs is the Stokes settling velocity, cv is the
particle volumetric concentration, and a and b are the empirical coefficients.

Source Correlation Particle Applicable condition

Burgers (1942) vhs ¼ vsð1þ 6:88cvÞ�1

Richardson and
Zaki (1954)

vhs ¼ vsð1� cvÞ4:65 Identical spheres

Maude and
Whitmore
(1958)

vhs ¼ vsð1� cvÞb Identical spheres For any Re; b ¼ 5 for mono-dispersed spheres in creeping flow; b
is between 2 and 4 in turbulent flow

Aziz (1972) vhs ¼ vse�5:9cv

Batchelor and
Green (1972)

vhs ¼ vsð1� acvÞ Identical spheres Rep < 1, cv < 0.05

a ¼ 6:55 (Batchelor and Green,
1972)
a ¼ 5:5 (Batchelor and Wen,
1982)
a ¼ 7:5 (Al-Naafa and Selim,
1992)
6:5� a

a� 3
¼ 0:1Re0:74p (Di Felice,

1999)
Barnea and
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Spheres of common specific gravity with a
relatively narrow size distribution

Rep < 3500

Novotny (1977) vhs ¼ vs

�
1� cv
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�a
a ¼ 5:5 Rep < 2
a ¼ 3:5 2 < Rep < 500
a ¼ 2 Rep > 500

Daneshy (1978)
vhs ¼ vsc2v

101:82ð1� cvÞ
Rep < 1

Zigrang and
Sylvester
(1981)

vhs ¼ g�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 � a2

p

g ¼ 2aþ d2

2
a ¼

2
0:63

ffiffiffi
3
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4ðrf � rpÞgdpð1� cvÞ

rf ð1� cvÞ1=3

3
5
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d ¼
4:8
0:63
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5cv
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rf dp

�1=2

Richardson and
Zaki (1997)

vhs ¼ vsð1� cvÞa Identical spheres 0.05< cv < 0.5

a ¼ 4:65þ 19:5 l Rep � 0.2

a ¼ ð4:35 þ 17:5 lÞRe�0:03
p

0.2 � Rep < 1

a ¼ ð4:45 þ 18lÞRe�0:1
p

1 � Rep < 200

a ¼ 4:45Re�0:1
p

200 � Rep < 500

a ¼ 2:4 500 � Rep
4:7� a

a� 2:35
¼ 0:175Re0:75p (Rowe,

1987)

0.2 � Rep < 500

Gadde et al.
(2004)

vhs ¼ vsð2:37c2v � 3:08 cv þ 1Þ

Liu (2006) vhs ¼ vsð1� 4:7892 cv þ
8:84777c2v � 5:918c3v Þ

Identical spheres Rep < 1000
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remain adjacent without collision nor rebound, eventually forming
particle clusters (i.e. agglomeration) (Davis et al., 1986; Tomac and
Gutierrez, 2014; Yamashiro and Tomac, 2021). However, strong and
smooth particles tend to collide and rebound from each other and
settle as individual particles by separating from each other (Mack
et al., 2014). Clustering can be significant even at low proppant
concentrations (McMechan and Shah, 1991a). However, most
studies have assumed that proppant-laden slurry flows are of ho-
mogeneous composition e generally an invalid assumption
(Yamashiro and Tomac, 2020a). Further, simplified assumptions
based on Stokes law are considered for proppant settling behaviour,
and these simplified assumptions are even used in commercial-
1919
level hydraulic fracturing software (Sahai and Moghanloo, 2019).
These simplifications ignore the tendency of concentrated particles
to form clusters and their resulting impact on particle transport and
settling (Yamashiro and Tomac, 2020a).

The earliest experimental studies showed that particle clus-
tering could lead to higher average setting velocities than that for a
single particle in either Newtonian or non-Newtonian fluids (Clark
et al., 1977; Kirkby and Rockefeller, 1985; Roodhart, 1985). Within a
particle cluster, particles agglomerate or remain very close to each
other - essentially acting as a single structure. In this, the volume-
to-surface area ratio reduces relative to that of separate particles,
thus accelerating the settling of particles (Mack et al., 2014;
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Yamashiro and Tomac, 2020a). Previous experiments of concen-
trated particles in quiescent flows have indicated that particle
settling is enhanced by the formation clusters (McMechan and
Shah, 1991a; Economides and Nolte, 2000; Luo and Tomac,
2018a). Settling velocities of agglomerated sand have been
observed to increase with the increment in the size of the
agglomerate (Luo and Tomac, 2018b). Further, these experimental
observations indicate that an increase in slurry viscosity promotes
the formation of particle agglomerates and, thus, increases the
settling velocities of particles within narrow slots (Luo and Tomac,
2018b). Recently, the static settling velocity has shown to be several
times larger than the dynamic settling velocity. This behaviour is
attributed to particle clustering, which dominates the static settling
process (Hu et al., 2019).

Although the behaviour of concentrated particle slurries with
significant particle clustering has been observed, its prevalence and
influence in flowing slurries are not fully understood. For example,
in some studies, particle clustering is observed only in concentrated
slurries settling in still fluids, and researchers have concluded that
particle clustering is not vital for flowing slurries (Liu and Sharma,
2005). Notably, this study did not specify the concentrations of
flowing slurries evaluated for this clustering. In contrast, particle
clustering in flowing slurries has been observed in other vertical
fracture slot experiments. Proppant clustering is observed during
the initial injection stage into a vertical slot (Kadhim et al., 2017),
with particles transported in clusters for concentrations >0.5 lb/gal
in Newtonian and non-Newtonian fluids (Clark et al., 1977). Earlier
experiments (Sievert et al., 1981) have shown that particles tended
to flow more as clusters than as individual particles in proppant
slurries with non-Newtonian fluids. These studies suggest that
particle clustering in flowing slurries is significant and should be
considered when evaluating the behaviour of concentrated particle
slurries.

Particle-particle and particle-wall interactions can result in
agglomeration or clustering between particles (Zhang et al., 2019).
Some recent numerical studies show that the shape of clustering is
influenced by the Froude number (ratio of inertial to gravitational
forces) and the Stokes number (ratio of particle momentum
response time to the flow-field time scale) (Farhan et al., 2015).
Differences in these values result in different types of clustering,
such as “chain-like” and “curtain-like” shapes (Peker and Helvaci,
2011; Farhan et al., 2015). Also, particle clustering occurs in flow-
ing conditions and significantly affects particle conveyance
behaviour (Yamashiro and Tomac, 2020a). The cluster shape and
the clustering prevalence depend on the flow rate and particle
concentration. Further, particle-level evaluation of two-
dimensional (2D) cluster structures reveals a lifting effect (up-
ward drag) in some clustered groupings (Yamashiro and Tomac,
2020a). Compared to the classical Stokes law-based evaluation,
this lifting effect further contributes to the conveyance of particles.
However, this effect does not persist at higher proppant concen-
trations, indicating a limited range for the uplifting of clustering
(Yamashiro and Tomac, 2020a). Furthermore, cluster shape and
spatial distribution depend not only on the injection rate and par-
ticle concentration but also on particle settling (Yamashiro and
Tomac, 2021). The formation of one-dimensional chain-like clus-
ters at low particle concentrations and the development of 2D
curtain-like clusters with increased concentration were also
observed.

The importance of the lubrication effect on particle transport
and settling results in particle agglomeration and channel clogging
(Tomac and Gutierrez, 2013, 2014). A thin fluid layer is formed
between particles approaching each other within a viscous fluid.
This thin lubrication layer acts as a nonlinear damper that dissi-
pates the kinetic energy of the particles and affects post-collision
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behaviour (Davis et al., 1986; Barnocky and Davis, 1988). Due to
this lubrication effect, particles slow down and sometimes stay
adjacent without rebounding. Further, particle accumulations tend
to occur when the lubrication effect dominates over other forces
(Tomac and Gutierrez, 2015). Due to the formation of irregular
proppant agglomerates, the proppant-fluid slurry mixture cannot
be considered a uniform slurry flow. The micromechanical particle
interactions, fluid counterflows and erratic upward flows that occur
during proppant settling lead to proppant trajectories that do not
always act in the direction of gravity. These erratic particle trajec-
tories (paths) are formed due to the combined effect of downward
particle settling and upward fluid Stokes drag (Tomac and
Gutierrez, 2015). This effect can lead to the clogging of fractures
or the formation of particle agglomerates, which cause faster
settling. Numerical results of particle settling have been compared
(Tomac and Gutierrez, 2015) with the correlation proposed by
Gadde et al. (2004), Clark and Quadir (1981) and Daneshy (1978)
and show how the average proppant settling velocity increases
instead of decreases at relatively high particle volumetric concen-
trations due to agglomeration (Fig. 8). Also, fluid viscosity promotes
the lubrication effect, and an increased number of agglomerates are
observed in high-viscosity fluids. Therefore, slurry settling rates
increase relatively at higher fluid viscosities (Luo and Tomac,
2018a).

In addition to studies on proppant transport in fractures, many
studies on turbulent particle dynamics in wall-bounded flows have
revealed cluster-induced turbulence (CIT) in solid-liquid two-phase
flows. This CIT was first observed for particle flow simulations in a
two-dimensional vertical channel (Tsuji et al., 1994). With an in-
crease in particle volumetric fraction within the flow, the impact of
the particle phase on the fluid phase can no longer be ignored
(Alletto and Breuer, 2012). At significantly higher particle concen-
trations, the self-organization of particles in dense clusters is
observed, known as CIT (Capecelatro et al., 2014, 2015). When
exposed to turbulence, the dispersed phase can be driven out of
high-vorticity areas and accumulate in high-strain regions
(Balachandar and Eaton, 2010). Furthermore, when gravitational
effects are significant, the momentum exchange between the
different phases can spontaneously form concentrated clusters
(Agrawal et al., 2001; Capecelatro et al., 2015). However, the
fundamental understanding of the characteristics of clusters and
their impact on the carrier phase remains unclear. This behaviour is
rarely reported for proppant transport or particle flow in fractures.
According to a most recent study on proppant transport in a
tortuous fracture, the impact of proppant concentration on prop-
pant velocity is not straightforward (Ma et al., 2022). However,
fracture intersection angle significantly impacts this effect. Finally,
elevated proppant concentrations account for more particle colli-
sions, clustering and the formation of eddies (Ma et al., 2022). Thus,
further studies are required to understand the evolution of particle
clusters and cluster-induced characteristics in flows
comprehensively.

Moreover, particle shape can significantly affect the turbulence
structures and turbulent modulation of the carrier fluid (Gupta
et al., 2018) and particle agglomeration (Mortimer and
Fairweather, 2019). There are two important aspects regarding
the impact of the shape of the particles in turbulent flows: the
impact of particles on the turbulent modulation and the impact of
orientation and rotation of the particles on particle-fluid in-
teractions (Voth and Soldati, 2017; Gupta et al., 2018). Small finite-
sized particles tend to dampen turbulence in the carrier phase (but
amplify velocity fluctuations near walls), while larger particles can
enhance it (Eaton et al., 1994). Non-spherical particles with a
greater mass significantly reduce the streamwise velocity of the
fluid compared to a single-phase flow. While turbulence is



Fig. 8. Comparison of average particle settling velocity with particle volumetric concentration based on previous theoretical and experimental approaches. Dashed and dotted lines
are from Tomac and Gutierrez (2015). The ratio of fracture width w and particle diameter d (d ¼ 0.6 mm) is w/d ¼ 3.3e13.3.
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diminished by the presence of both types of particles, this effect is
more pronounced with heavier particles than neutrally buoyant
particles (Eshghinejadfard et al., 2019). For particles smaller than
the Kolmogorov length scale (point-particles), even relatively low
volume fractions (greater than 0.01%) can significantly influence
turbulence within the fluid phase (Elghobashi and Ferrante, 2004).
Some studies have observed reductions in Turbulent Kinetic Energy
(TKE) by 3% and 15% for prolate ellipsoidal and spherical particles.
Spherical particles were observed to remove energy from large
scales and reinsert it at small scales. In contrast, ellipsoids removed
relatively less TKE from large scales and reinserted relatively more
at small scales (Bellani et al., 2012).

It was also noted that an increase in particle aspect ratio tends to
decrease the average particle rotation rate (Andersson et al., 2015).
Spheroidal particles, compared to spherical ones, exhibit signifi-
cantly lower rotational velocities near the wall and tend to align
more parallel to it (Gupta et al., 2018). While turbulence is damp-
ened in the streamwise direction for both particle types, this effect
is more marked in spherical particles. In the radial and tangential
directions, turbulence fluctuations for spheroids more closely
resemble those of a single-phase flow, unlike spheres, which
demonstrate a local concentration peak near the wall. This prefer-
ential alignment and rotation are more pronounced near the walls
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and escalate with the particle's aspect ratio (Gupta et al., 2018).
Further, the influence of particle size and inertia becomes distinct
when the particle diameter surpasses a certain threshold, altering
the local velocity field due to no-slip and impermeability con-
straints at the particle surface (Elghobashi et al., 2010). The effi-
ciency of particle clustering diminishes with an increase in particle
size, leading to a slower agglomeration pace over more extended
periods as particles begin to form clusters and the average size of
the agglomerates grows. Smaller particles are shown to have a
higher propensity for collisions. Moreover, the likelihood of
agglomeration following a collision is greater near the centreline of
the channel, where the movement of particles tends to result in
collisions at lower relative velocities (Eshghinejadfard et al., 2018;
Mortimer and Fairweather, 2019).

In conclusion, the settling behaviour of particles in fluid sys-
tems, particularly in proppant-fluid two-phase flows, exhibits
distinct characteristics influenced by particle-particle interactions
and concentration. It is worth noting that a flow field can consist of
multiple regions with varying degrees of dilute and dense flows.
Two mechanisms, hindered settling and particle clustering, affect
the settling velocity of concentrated proppant slurries. Hindered
settling becomes more significant at higher proppant concentra-
tions, while clustering can affect settling even at low
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concentrations. The lubrication effect becomes more pronounced
in narrow channels where particles frequently interact. Future
research should focus on addressing several gaps in understanding.
Firstly, a deeper understanding of hindered settling and clustering
effects on settling velocity in different particle configurations and
environments is needed. The influence of factors such as the
number of surrounding particles, their relative positions and the
presence of boundaries requires further elucidation. Developing
accurate correlations for hindered settling in proppant-fluid sys-
tems, considering particle concentration and Reynolds number,
would also be valuable. Also, studying the evolution of hindered
settling effects over time and location is crucial, as proppant
settling can lead to concentration gradients and affect settling ve-
locities across the medium. Further research should explore the
dynamics of these effects and their implications for proppant dis-
tribution and fracture conductivity. While many studies have
focused on clustering in quiescent flows, the behaviour of particle
clusters in flowing slurries is not yet fully understood under inertial
and turbulent flow conditions.
5. Particle-fracture wall interactions

The transport dynamics of particles within fractures is governed
by the confluence of complex mechanisms, with particle-wall in-
teractions playing a pivotal role in determining their ultimate dis-
tribution (Barboza et al., 2021; Yamashiro and Tomac, 2022). These
interactions, crucial for settling particles under the influence of
gravity and their horizontal transport amid fluid flow, are markedly
influenced by the high-velocity flowswithin fracture networks (Wu
et al., 2016; Zhou et al., 2022; Hangyu et al., 2023). Unlike other
dense solid-liquid flows, particle-fracture wall interactions signifi-
cantly affect proppant transport in hydraulic fractures since aper-
tures are generally small (Wu et al., 2016; Zhou et al., 2022).
Understanding the nuances of this behaviour is critical in opti-
mising particle conveyance and elucidating the conditions under
which proppant bridging (a phenomenon where particles aggre-
gate, jam, then bridge and block across fractures) occurs. This
section discusses particle-wall interactions on particle dynamics
within fractures by considering settling, horizontal conveyance,
and bridging effects.
5.1. Wall retardation effect on settling

The proximity of fracture walls confining proppant flows retards
both the movement of particles and particle settling (Yao et al.,
2022). Counterflow of the liquid phase increases the hydrody-
namic drag exerted on particles during settling through the gap
between particles and the confining wall (Luo and Tomac, 2018a;
Roostaei et al., 2020b). As the gap between walls is reduced, the
exerted drag force concomitantly increases. Due to this effect, the
settling velocities of particles flowing within a confined flow are
lower than those in an unconfined flow (Roostaei et al., 2020b;
Barboza et al., 2021). The impact of awall on the settling of particles
is known as thewall factor effect or wall retardation effect. Thewall
retardation effect is defined to quantify the impact of bounding
walls on the settling of particles, and this can be expressed in terms
of drag force (Latto et al., 1973), velocity change (Dudukovi�c and
Kon�car-Djurdjevi�c, 1981) or equivalent viscosity change (Iwaoka
and Ishii, 1979). Defining the wall factor (fw) in terms of the ratio
of velocity to terminal settling velocity is most relevant in quanti-
fying wall effects for proppant transport in hydraulic fractures as
(Roostaei et al., 2020b; Yao et al., 2022):
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fw ¼ vw
vt

(9)

where vw is the terminal settling velocity of a particle in a fluid flow
bounded by walls (corrected settling velocity for the wall effect),
and vt is the terminal settling velocity of the particle in the same but
unbounded conditions. Dimensional analysis has shown that the
wall effect is negligible for particles settling in a long container, and
this assumption is also valid in the case of particles settling in hy-
draulic fractures. Therefore, the wall effect is only a function of
Reynolds number (Re) and ratio (l) between particle diameter (dp)
and the diameter of the container (Dc) (Roostaei et al., 2020b).
Numerous experimental studies on wall retardation effects beyond
the creeping flow regime exist, although analytical studies are
limited. These studies have shown that under very low and very
high Reynolds number flows, wall retardation only depends on the
particle diameter to channel diameter ratio (l) (Clift et al., 1978; Di
Felice, 1996; Chhabra et al., 2003).

Numerous empirical correlations have been proposed regarding
the wall retardation factor based on particle settling within tubes
and cylinders (Munroe, 1889; Francis, 1933; Fidleris andWhitmore,
1961; Di Felice, 1996; Delidis and Stamatoudis, 2009). Apart from
tubes and cylinders, many experimental studies have been con-
ducted between parallel plates and in rectangular columns to study
particle settling behaviour. By considering the bridging and clog-
ging of proppant in a fracture due to the wall retardation effect,
correlations have been defined for the wall retardation factor
(Novotny, 1977). Also, the wall factor in a deep, square column is
higher than that in a cylinder with a diameter equal to the column
width (Balaramakrishna and Chhabra, 1992). Empirical correlations
have been developed for wall factors by considering the impact of
four bounding walls (Machac and Lecjaks, 1995) and incorporating
the influence of fluid viscosity (Liu and Sharma, 2005) (Table 5).
Most previous correlations are based on particles settling in
quiescent fluids. However, proppant settling during hydraulic
fracturing occurs in a dynamic flow environment together with a
forward motion of the particles carried by the fluid. Furthermore,
horizontal flow does not significantly impact proppant settling in a
Newtonian fluid (Liu and Sharma, 2005). An empirical correlation
for wall factor representing particle settling in a viscoelastic fluid
has been developed by non-linear regression (Malhotra and
Sharma, 2012). The correlation for wall factor developed by Song
et al. (2019) showed a small increase in wall factor at relatively
small Reynolds numbers, followed by a sharp increase at medium
Re and then a slowly increasing wall factor at high Re e similar to
the trend proposed by Di Felice (1996) (Fig. 9).

Most of the correlations proposed for the wall retardation effect
are modified power-law functions accommodating the ratio l,
except those proposed by Liu and Sharma (2005) and Song et al.
(2019). Thus, these correlations suggest that wall retardation de-
pends on factors other than the size ratio (l). Also, few studies
transform thewall effect in settling velocity into a correlation factor
for the drag coefficient (Zhou et al., 2022). Updating the drag co-
efficient by incorporating the wall retardation effect is essential in
improving the accuracy of numerical modelling in proppant
transport simulations.
5.2. Wall effect on the horizontal conveyance of particles

When particles move between two parallel, smooth plates, the
flat surfaces create additional hydrodynamic resistance, decreasing
particle transport velocity as the gap between the plates narrows
(Zhou et al., 2022). Conversely, as particles move between rough-
walled plates, the consistent interactions among the particles



Table 5
Correlations for wall retardation factor.

Source Wall retardation factor Condition

Francis (1933)
fw ¼ � 1� l

1� 0:475l

�4 Re < 1
0.09 < l <0. 83

Novotny (1977) fw ¼ 1� 0:6526lþ 0:147l3 � 0:131l4 � 0:0644l5

fw ¼ 1� l3=2

Re < 1
Re > 100

Munroe (1889) fw ¼ 1� l3=2 1000 <
Re < 3000
0.11< l <0. 83

Di Felice (1996)
fw ¼ � 1� l

1� 0:33l

�2:7 Viscous regime

fw ¼ � 1� l

1� 0:33l

�a

3:3� a

a� 0:85
¼ Re

10

Intermediate
regime
Re < 200
0.08 < l < 0. 7

fw ¼ � 1� l

1� 0:33l

�0:85 Turbulent
regime
Re > 200

Machac and Lecjaks
(1995)

fw ¼ 1

1þ k1l
* þ k2ðl*Þ2

l* ¼ d
de

de ¼ 2ab
aþ b

� 2db
dþ b

de is the column effective diameter, a is the column width, b is the column
length, coefficients k1 and k2 depend on the fluid rheological properties

0.00014 <
Re < 0.5
0.083 < l < 0.
343

Gadde et al. (2004) fw ¼ 1� 1:563lþ 0:563l2 l < 1

Liu and Sharma
(2005)

fw ¼ 1� ð0:16m0:28Þl ðl <0:9Þ
fw ¼ ð8:26e�0:0061mÞð1� lÞ ðl >0:9Þ
m is the viscosity of a Newtonian fluid

Re < 700
0.05 < l < 0.94

Malhotra and Sharma
(2012)

fw ¼ ð1� lÞa

a ¼ 0:37
� b

1þ b

�0:81
Re�0:24n0:17; b ¼ 2tvt

dp
;Re ¼ rvtdp

m

t is the relaxation time, n is the flow behaviour index of a power-law fluid, Re refers to the Reynolds number based on the terminal
velocity vt in an unbounded fluid

0.0005 <
Re < 2.63
0.125 <l <1

Zhang et al. (2016) fw � 0:001
0:999

¼
h
1þ � l

0:64

�2i�0:98 0.0011 < Re <
9.75
0.02 < l < 0.83

Song et al. (2019) fw � f∞
f0 � f∞

¼ ð1þ 0:165Re0:89Þ�2:546

f∞ ¼ � 0:259l2 � 0:0608lþ 1:0079
f0 ¼ � 0:7861lþ 1:0449

0.0001 <
Re < 144.25
0.1< l < 0.9

Zhang et al. (2019)
fw ¼ e

�25:372
l
Re

19.64 <
Re < 1261.98

Fig. 9. Wall factor vs size ratio curves. Plotted from the empirical correlations in Table 5.
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Fig. 10. Variation of average horizontal transport velocity ratio with Ar/Re for particle
transport between roughed-walled parallel plates (replotted from Zhang et al. (2019)).
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introduce retardation due to mechanical interference, further
reducing velocity. As the particle Reynolds number increases, the
impact of this mechanical resistance becomes progressively more
pronounced, eventually becoming the primary influencing factor
(Zhang et al., 2019). The width of a hydraulic fracture varies from
zero near the tip of the fracture to a maximum width towards the
initiating wellbore. Thus, the ratio of the proppant diameter to the
fracture width varies for different locations along the fracture.
Significant velocity differences between the fluid and proppant
horizontal velocity may be expected in regions where the fracture
width is comparable to the proppant diameter. The retardation
effect caused by the fracture walls can significantly hinder prop-
pant transport (Liu and Sharma, 2005; Zhou et al., 2022). Under
some circumstances, proppants tend to flow at a velocity higher
than the average fluid velocity when the proppant concentration is
significantly elevated near the centreline of the fracture. However,
if the retarding impact of the wall becomes dominant, proppant
velocity can saltate in the finite fluid velocity (Liu and Sharma,
2005).

The average particle velocity is higher than the average fluid
velocity for a uniform distribution of particles (Staben et al., 2003).
This phenomenon can be primarily attributed to the exclusion of
particles from the slowest fluid region near the walls. The
maximum average particle velocity may exceed the average fluid
velocity by 18% for particles with diameters equal to 42% of the
channel height. However, for particles with diameters greater than
82% of the channel height, their average velocities are lower than
that of the fluid due to the retarding effect of the walls. Recent
numerical studies have identified a notable difference in proppant
conveyance in roughed-walled fractures compared to smooth walls
(Yamashiro and Tomac, 2020b). The conveyance velocity, both in
the case of single-particle and multi-particle systems, is enhanced
by the rough walls (Yamashiro and Tomac, 2020b). Experimental
studies define the effect of the walls on proppant transport for both
smooth- and roughed-walled fractures (Liu, 2006; Liu and Sharma,
2005). These experimental results conclude that the rough-wall
configurations substantially reduce the velocity of particles.
Empirical correlations define this response (Liu and Sharma, 2005)
to modify the horizontal particle conveyance velocity accounting
for the wall effect in smooth wall fractures as

vp
vaf

¼ � 0:862
�
D
w

�2

þ0:0475
�
D
w

�
þ 1:2713

�
D
w

< 0:93
�

(10)

vp
vaf

¼ � 7:71
�
D
w

�
þ 7:71

�
D
w
�0:93

�
(11)

where vp is the particle flow rate, vaf is the average fluid flow rate,
d is the particle diameter, andw is the fracturewidth. Regarding the
impact of wall retardation on particle horizontal transport in
laminar flow for Newtonian fluids, it can be inferred that the effect
remains constant regardless of the fluid viscosity. However, the
magnitude of wall retardation is influenced solely by the ratio of
particle size to cell width (Liu and Sharma, 2005).

When multiple particles move horizontally between parallel
plates, the particles shift from regions of high shear (closer to the
walls) to areas of low shear (towards the centre of the channel). As a
result, their horizontal velocity increases, often exceeding the
initial injection velocity. The flat walls of the plates introduce a
notable hydrodynamic resistance, which impacts the slippage ve-
locity of the particles. This slippage velocity diminishes as the ratio
of the particle diameter to the gap between the plates increases (Liu
and Sharma, 2005; Zhang et al., 2019). Furthermore, when particles
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are confined between two rough parallel plates, there is a signifi-
cant enhancement in the mechanical interactions among particles
and between particles and the walls. This intensifies the forward
movement of the particles and inhibits their lateral movement.
Generally, hydrodynamic resistance is the primary factor influ-
encing particle motion for low particle Reynolds numbers. How-
ever, as the particle Reynolds number increases, particles are more
likely to interact with each other and the walls. This increases the
effects of mechanical interactions, causing these interactions to
gradually become the primary determinant of particle movement
(Zhang et al., 2019).

The mechanical retardation caused by rough walls may be
quantified via a rough wall factor (VMTR/VMTS), defined as the ratio
of particle average horizontal transport velocity between two par-
allel rough plates (VMTR) to that for two parallel smooth plates
(VMTS) (Zhang et al., 2019). A diamensionless composite parameter,
represented as Ar/Re, is useful, where Ar represents the Archimedes
number, indicating the balance between buoyant and inertial
forces. When the Ar/Re ratio is low, variations in the ratio do not
significantly affect the rough wall factor, which remains constant.
However, the rough wall factor sharply declines when Ar/Re in-
creases beyond a certain threshold (Fig. 10). Where particles move
through high-viscosity liquids, the flow inside the channel remains
stable. This results in negligible mechanical slowing from drag and
is often overlooked. Conversely, in low-viscosity liquids, the inter-
play among particles and between particles and the walls in-
tensifies. Consequently, the impact of these mechanical
interactions in reducing flow velocity becomes much more domi-
nant, eventually being the primary influence leading to a significant
reduction in the horizontal speed of the particles (Zhang et al.,
2019).
5.3. Particle jamming and bridging

Proppant transport and placement in the fracture are signifi-
cantly impacted by proppant bridging (Ray et al., 2017; Golovin
et al., 2022) since it can stall the injection of the suspension and
cause a screen out in the near well-bore area (Garagash et al., 2019).
Primarily, geometric constraints control proppant bridging and
arching (Osiptsov, 2017; Garagash et al., 2019). Bridging occurs
when there is an equilibrium between the hydrodynamic force of
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the fluid acting on the particles and the friction force of the walls
acting on the particles (Garagash et al., 2019). When a pressure-
driven suspension flows through a rough-walled narrow channel,
particles lag the flow and slow down due to the interactions be-
tween particles and walls of the channel. Eventually, this results in
an increase in themean particle volume fraction.When the fracture
is sufficiently narrow to reach the bridging criterion, the concen-
tration reaches the maximum packing limit (Osiptsov, 2017). Since
the particles cannot rearrange in the form of a regular train along
the fracture, eventually, these particles block the fracture, creating a
particle “bridge” or an “arch” between the two adjacent fracture
walls. Particle roughness, particle embedment into fracture walls
and contact stresses (transmitted through particles) will fix the
proppant as a “bridge” that remains stationary where it is formed
(Osiptsov, 2017). Such bridges restrict further transport of the
suspension upstream from this point. The typical width of a hy-
draulic fracture is about 1e10 mm (Economides and Nolte, 2000),
and this implies that under certain situations, the flow of proppant-
fluid slurry can be partially or fully blocked due to the local clogging
(bridging) by proppants (Golovin et al., 2022).

In general, the most common method of modelling proppant
bridging is to define a threshold width at which particles tend to
form a bridge or arch.When any part of the fracture has awidth less
than or equal to this threshold width (w*), proppants are prevented
from passing beyond this point (Osiptsov, 2017). It has been shown
that for low viscosity fluids (1e20 cp) and proppant concentrations
up to 0.6 tpm (tonnes of proppant per cubic meter of fluid), prop-
pant bridging occurs when the ratio of fracture width to maximum
proppant diameter is ~2 (w/dz 2) (van der Vlis et al., 1975). But for
high viscosity fluids (200 cp) and proppant concentrations up to 1.2
tpm, proppant bridging occurs immediately, even for a larger
width-to-diameter ratio (w/d z 4). By default, in many
commercial-level simulation software, the criteria proposed by van
der Vlis et al. (1975) are used to determine the critical conditions for
proppant bridging (Osiptsov, 2017). It is experimentally determined
the bridging factor (b); b ¼ w*/d ¼ 2.6, where d is the particle
diameter (van der Vlis et al., 1975). For low proppant concentra-
tions, the bridging factor is 1.8 (Osiptsov, 2017). In industry, a
customizable value for the bridging factor is selected from the in-
terval 2.5 to 3 (w*/d 2 [2.5e3]) (Gu and Desroches, 2003; Dontsov
and Peirce, 2014a).

More sophisticated criteria for proppant bridging following
experimental observations have been proposed (Gruesbeck and
Collins, 1982). According to these criteria, the critical width de-
pends on the proppant concentration of the suspension upstream
of the bridging point. Even though this criterion (Gruesbeck and
Collins, 1982) were initially developed for modelling proppant
bridging at perforations, a modified version of the proppant
bridging criterion is reported (Mack andWarpinski, 2000; Osiptsov,
2017). Where the bridging factor b ¼ 2.5 by default, d is the particle
diameter, and Cp is the particle volume fraction in the flowing
suspension as

w*¼min
�
b;1þ Cp

0:17
ðb� 1Þ

	
d (12)

Importantly, proppant bridging in slots differs significantly from
that in circular openings. Unlike stable multi-particle bridges
known to form in circular openings, such bridges are not readily
developed in slot geometries (Barree and Conway, 2001). Slot
bridging can only occur when particles are too large to fit into the
slot and block all available openings. Evenwhen a bridge does form
in slots, it is unstable and can be removed by applying any differ-
ential pressure when the slot width is slightly above the maximum
particle diameter of the proppant pack. Due to this dynamic
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instability, a fracture cannot be bridged unless the particles forming
the pack have a diameter equal to or larger than the slot width (w/
dz 1) (Barree and Conway, 2001) ewith this confirmed by several
experimental studies (Koivisto and Durian, 2017; Ray et al., 2017).
Recently, the occurrence of bridging has been quantified by esti-
mating the corresponding percentage of proppant reaching sec-
ondary fractures (Kou et al., 2019). Further, the critical effect of
proppant concentration Cp and the ratio between the secondary
fracture aperture and proppant diameter (Rfp) on the occurrence of
proppant bridging has been explored. For a constant value of Rfp,
continuous transport of proppant can be obtained when proppant
concentration (Cp) is lower than a threshold value. Based on these
observations, the following bridging criterion is proposed (Kou
et al., 2019):

Cp�max ¼ 3
4
R3fp �

1
2

(13)

A dynamic criterion for the bridging and arching of proppants in
a 3D suspension flow through a channel with plane walls has been
developed (Garagash et al., 2019). This dynamic bridging criterion
is based on two nondimensional parameters: the particle size to
channel width ratio and the normalized flow velocity. A range of
critical velocities in which bridging initiates has been identified for
each scaled particle diameter. This approach differs from previous
approaches based on pure-kinematic criteria formulated in terms
of the particle diameter ratio to the channel width, with an effort to
consider the dynamics of the bridging process via numerical sim-
ulations and solid mechanics considerations. The results show that
there is an interval of fluid velocities that supports the formation of
bridging (v1 � v � v2) (Garagash et al., 2019); when the flow ve-
locity is below the required velocity range (v� v1), the bridge forms
but slips on the walls. But when the fluid velocity is within the
range (v1 � v� v2), then the frictional force exerted on the particles
is sufficiently high to withstand the hydrodynamic forces exerted
on the particles to keep the proppant bridge immobile (Garagash
et al., 2019). Particle bridging is a multistage process (Golovin
et al., 2022) with a stochastic nature in which the initial clogging
event is arbitrary in terms of time and position. Bridging begins
with clogging by two particles and forming a local island of bridged
proppants. Arches then form, connecting the previously developed
islands of bridged proppants. Finally, the accumulation of prop-
pants continiues and complete sand-out of the cell develops
(Golovin et al., 2022). Thus, twin-particle bridging is sufficient for
triggering proppant bridging with triple-particle clogging rarely
occurring, although possible with adequate time with high particle
concentrations (Golovin et al., 2022). Within the range of param-
eters studied, initial clogging is independent of flow velocity
(Golovin et al., 2022).

In conclusion, the occurrence of jamming can be reasonably
predicted by estimating the maximum volume fraction of solids.
Meanwhile, fracture models can anticipate bridging events by
examining the ratio of slot width to particle size, typically below 3
to 10, although this number is often adjusted based on experience.
Simulations have shown that dynamic proppant bridging criteria
are considerably influenced by the size and shape of bridged zones.
Furthermore, dynamic bridging creates a much lower pressure
drop along the channel, ultimately influencing the final shape of
the hydraulic fracture. Thus, it is essential to conduct simulations
using coupled geomechanics and fluid mechanics models to un-
derstand the dynamic impact and feedback of proppant bridging on
the hydraulic fracturing process. The exact position and time of the
initial clogging events are arbitrary, although they typically initiate
from twin-particle jamming. The formation of arched structures
depends on several factors, including local inhomogeneities in the



Fig. 11. Flow ratios for proppant transport into secondary fractures at different inter-
section angles (replotted from Zhang et al. (2022b)).
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inlet proppant concentration. When the accumulation of granular
material upstream of the blocked region is sufficiently slow, the
region blocked by the bridged proppant can be penetrated by the
dilute slurry. However, further statistical analysis is required to
obtain a probabilistic description of all these processes. Predicting
bridging events remains complicated by the physics and complex
feedback that govern these phenomena. Bridging is a discrete event
influenced by the likelihood of its occurrence, which cannot be
adequately resolved by continuum models or accurately predicted
by discrete models.

6. Fracture complexity

Complex fracture networks are formed during reservoir stimu-
lation by creating primary, secondary and tertiary hydraulic frac-
tures. The presence of open and healed natural fractures may
facilitate the development of these networks. Micro-seismic im-
aging reveals that shale reservoirs tend to generate more intricate
fracture networks than conventional tight gas reservoirs, which
typically exhibit simple bi-wing fractures (Sahai and Moghanloo,
2019). The complex geometry of these networks, including step-
overs, corners, junctions, and pinch points, can significantly affect
proppant placement (Osiptsov, 2017). Recent literature has focused
on studying particle transport and distribution in complex fractures
through experiments and numerical simulations (Hu et al., 2018b;
Li et al., 2018; Zhang et al., 2019; Xiong et al., 2020; Chun et al.,
2021). When a fracture propagates, it may temporarily deviate
from its original trajectory along interacted joints or natural frac-
tures before returning to its original direction, eventually creating a
stepwise and tortuous path (Qu et al., 2021b). Experimental in-
vestigations and mine-back evidence have demonstrated the ex-
istence of various irregular fracture morphologies, such as
branched, T-shaped and curved fractures (Warpinski and Teufel,
1987; Arash Dahi et al., 2013; Lee et al., 2015; Fu et al., 2019).
Thus, the interaction between slurry and complex boundaries can
significantly affect particle migration and deposition (Lee et al.,
2015; Fu et al., 2019; Wang et al., 2019).

6.1. Threshold velocity and transport mechanisms

Dayan et al. (2009) were the first to perform laboratory slot flow
experiments to investigate the transport of fracturing fluid into
secondary fractures. This study revealed a threshold flow rate
below in which fluid flow into the secondary fracture does not
occur. Also, a significant proppant build-up within the primary
fracture must occur to transport proppants into the secondary
fracture. The tendency of proppant to enter secondary fractures
decreases when the secondary fracture is distant from the main
fracture root due to the loss of velocity and the tendency to follow
multiple paths when moving away from the wellbore zone (Dayan
et al., 2009). When a secondary fracture is perpendicular to the
primary fracture, a minimum velocity is required to transport
proppants into that secondary fracture (Chang et al., 2017). Math-
ematical models define the critical turning velocity at fracture in-
tersections and show that the bulk proppants tend to follow a
straight trajectory within the primary fracture and resist turning
into orthogonal secondary fractures (Chang et al., 2017). Results
further reveal that the fracture intersections also introduce the
recirculation of proppants, which is governed by the complex ge-
ometry of the fracture. A large-scale laboratory experiment showed
a disturbance zone around the fracture intersection due to the large
number of vortices in the flow field and the increased flow rate (Li
et al., 2022). However, with a further increase in the injection rate,
the disturbance zone gets depleted, proppants tend to follow a
straight trajectory, and the amount of proppant diverted into the
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secondary fracture decreases. Thus, an optimal flow rate range
maximises proppant transport into secondary fractures (Li et al.,
2022).

Previous experimental observations have revealed two mecha-
nisms controlling the migration of proppants/dense particles into
subsidiary fractures (secondary and tertiary fractures). These are:
(1) suspension effects, where the proppant flows around the
intersection corner at a fluid velocity higher than a threshold value;
and (2) gravity effects, where the proppant falls from the primary
dune and rolls into the secondary fracture from the dune surface
formedwithin the primary fracture (regardless of the flow velocity)
(Sahai et al., 2014; Wen et al., 2016; Pan et al., 2018; Sahai and
Moghanloo, 2019; Zhang et al., 2022b). Also, a significant build-
up of particles within the primary fracture should occur before
particles are transported into the secondary fracture, i.e. the
proppant bed height should reach a sufficient height (Xiao et al.,
2021). In general, particles moving into the secondary fracture by
“rolling”will migrate less far in the secondary fracture (Zhang et al.,
2022b). Fluid displacement is the most critical factor that controls
the form of the proppant distribution within the primary fracture
(Pan et al., 2018), which is different in primary and secondary slot
configurations (Sahai et al., 2014). Two mechanisms are identified
regarding the accumulation of the proppants within the tortuous
fracture segment (Qu et al., 2021b). The first mechanism is particle
settling promoted by inter-particle collision between suspended
particles. The second is that of collision with fracture walls and
deposition of the resuspended particles (Qu et al., 2021a, 2021b).
Studies of transport in tertiary fracture slots and complex fracture
networks have concluded that fracture complexity and turning
corners are not the major factors that limit the proppant transport
e rather, it appears to primarily depend on the development of
dunes within the preceding fractures as a plentiful source of supply
(Alotaibi and Miskimins, 2018).
6.2. Impact of fracture intersection angle

Experimental and numerical studies on particle transport in
fracture networks with different types of secondary and tertiary
fracture networks confirm that particle/proppant placement within
the secondary fracture decreases with increasing bypass/
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intersection angle (Tong and Mohanty, 2016; Li et al., 2017, 2018;
Pan et al., 2018; Wang et al., 2019). With an increase in the inter-
section angle between the primary and secondary fracture, the
fluid and particle flow rate into the secondary fracture decreases
quadratically (Fig. 11) (Zhang et al., 2022b). Further, due to the
combined effect of inertial and centrifugal forces, the percentage of
particles transported (diverted) into the secondary fracture is
reduced when compared to the percentage of the fluid diverted e

due to the inertia of the proppants. Both experiments and models
show that proppant placement in secondary fractures significantly
increases with increasing shear rate (Tong and Mohanty, 2016).
Also, depressions in sand beds at fracture intersections are identi-
fiedwith the formation of vortices, which causes significant erosion
of the sand bed (Tong and Mohanty, 2016, 2017). The fracture node
(turning point) has a significant impact on reducing fracture con-
ductivity and the effective supporting area (Wen et al., 2016). The
effect of the secondary fracture is greater when it is closer to the
wellbore. Proppant distribution within the secondary fractures
close to the wellbore depends on the carrying capacity of the
fracturing fluid. Similarly, gravity plays a major role in the sec-
ondary fractures distant from the wellbore, where pressure gradi-
ents are small (Wen et al., 2016).

Experimental and numerical simulations define the impact of
the secondary fracture angle on proppant settling within the pri-
mary fracture (Li et al., 2017). When the secondary fracture angle
varies, the balanced height within the primary fracture is also
susceptible to changes. Thus, with increasing secondary fracture
angle from 30 to 90�, the dune height within the secondary slot
decreases, but the propped area within the secondary slot in-
creases. When the injection rate and proppant ratio increase, it
decreases the balanced height in the primary fracture. The results
indicate that secondary fracture balance height decreases with an
increasing injection rate of the proppants. Fluid flow gradually
transits from laminar to turbulent flow with increasing propped
fracture height (Pan et al., 2018). Themass ratio of proppants within
the primary fracture is proportional to the secondary fracture angle.
The mass ratio of proppants in secondary fractures is proportional
to the fluid displacement and inversely proportional to the sec-
ondary fracture angle and proppant concentration (Pan et al., 2018).
Confirming these results, proppants tend to settle along the length
of the secondary fractures with small intersecting angles and settle
along the height of the branch with larger intersecting angles
(Zhang et al., 2020c). Also, dune development within fractures is
categorised into two regimes: (1) dune development within the
secondary fracture dependent on the degree of dune development
in the primary fracture, and (2) simultaneous development of
proppant dunes in the primary and secondary fractures (Zhang
et al., 2020c). More importantly, a sensitivity analysis reveals the
impact of several different factors on proppant transport, indicating
that the sensitivity to proppant transport is defined in the order of
fracture geometry, the performance of the proppants, fracking fluid
viscosity, fluid displacement within the fracture network and
proppant concentration (Peng et al., 2022).

Proppant transport in a tortuous fracture (curved slot) has been
studied comprehensively (Qu et al., 2021a, b, 2022). Depressions of
particle beds are identified within all proppant beds within the
tortuous fracture (Qu et al., 2021b). Due to the hindrance effect
caused by bends due to fracture offset, highly turbulent flow is
generated above the particle beds, creating vortices, eventually
leading to the erosion of beds, which in turn affects depression
height. These depressions account for the discontinuous covering
of proppants within the tortuous fracture, thus reducing conduc-
tivity within the tortuous fracture (Fig. 12). When the height of the
proppant bed reaches a threshold value, turbulent flows above the
bed generate particle vortices around the bends of tortuous
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fractures. The results indicate that tortuous fractures enhance the
transport capacity of small-diameter proppants e potentially
resulting from resuspension (Qu et al., 2021b). In a tortuous frac-
ture, small and light particles tend to be transported long distances
within the fracture since they are readily suspended in the fluid (Qu
et al., 2021b). Also, the impact of proppant concentration on dune
face slopes and proppant velocities is ill-constrained; however,
intersection angles impact the activation of this effect. Finally,
increased proppant concentrations account for more particle col-
lisions, clustering and the formation of eddies (Ma et al., 2022).

6.3. Fluid inertial effects

Several recent studies have investigated non-deformable parti-
cle transport in channels that experience flow-induced stresses. In
such conditions, two types of migration phenomena occur. The first
is shear-induced migration (Hampton et al., 1997; Koh et al., 1994),
primarily relevant to relatively concentrated suspensions and
influenced by suspension normal stresses (Morris and Boulay,1999;
Nott and Brady, 1994). The second mechanism is inertial migration,
which drives individual particles to specific equilibrium positions
in pressure-driven flow in tubes (Han et al., 1999; Matas et al.,
2004) and channels (Chun and Ladd, 2006; Matas et al., 2009).
Previous studies have examined inertial migration in straight,
square channels. Based on these findings, particle-laden flow
behaviour within different channel geometries has been studied,
with some of these studies motivated by particle transport in hy-
draulic fracturing (Manoorkar et al., 2016, 2018). Also, several
recent studies have highlighted the impact of fluid inertia (inertial
forces) on particle transport in cross-intersecting fractures (Zhang
et al., 2020a, 2022b; Mao et al., 2021; Wang et al., 2022b).

The manner in which particles and fluid are distributed into the
two branches of a T-channel depends on several factors, including
flow rate, size and shape of the particles, cannel dimensions and
boundary conditions (Morris, 2020). Also, 3D geometry, fluid
inertia and sudden changes in flow direction generate secondary
circulations in complex spiral streamlines in single-phase Newto-
nian fluids (Manoorkar and Morris, 2021). Four recirculation re-
gions emerge in T-junctions, with one in each outflow quadrant
originating from near the stagnation line at the symmetry plane
(Fig. 13). In the case of isolated particles, most follow the fluid
streamlines near the junction under dilute concentrations. How-
ever, some deviation occurs when the fluid experiences rapid ac-
celeration, such as when a particle is on a streamline that
approaches the stagnation line, collides with the wall or enters the
central region of an eddy. Despite following similar spiral trajec-
tories to that of the fluid, particles are unable to respond to abrupt
changes in the fluid flow direction, due to their finite size
(Manoorkar and Morris, 2021). For instance, when particles cannot
reach the near-wall streamlines, they avoid the recirculating re-
gions associated with the two separation zones. When particles
interact with the boundary in a symmetric T-channel, the strong
wall-normal flow can carry the particles into the stagnation zone at
the bifurcation (Morris, 2020).

A recent study focused on the flow of pure and particle-laden
fluids through a laboratory bifurcation model in a fractured for-
mation (Manoorkar et al., 2016). Flow within the T-shaped geom-
etry exhibits separation at the sharp corner at high Reynolds
numbers, forming two separation zones. The first zone occurs in
the side branch, while the second occurs in the straight channel
opposite the side branch. This study revealed that inertial migra-
tion significantly affects the particle distribution in the two chan-
nels at different Reynolds numbers (Manoorkar et al., 2016).
Suspension flow partitioning at a T-bifurcation under neutrally
buoyant conditions was investigated (Manoorkar et al., 2018)



Fig. 12. Experimental observation of particle flow in a tortuous fracture (90� offsets) with the formation of vortices resulting in depressions in the proppant bed (Qu et al., 2021a).

Fig. 13. Flow distribution in a T channel at low Re flows (a) and the appearance of separation zones as Re is increased, at the corner entering the side branch (b), and on the opposite
wall (c) using COMSOL simulations (Manoorkar et al., 2018).

Fig. 14. For a single-phase Newtonian fluid, the flow partitions equally at a small
Reynolds number (Re) and progressively favours the straight channel as the flow rate
increases (replotted from Manoorkar et al. (2018)).
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where the volumetric flow rate ratio within the straight outlet
branch and inlet branch (b) used to quantify the partitioning of the
suspension flow. The analysis revealed fundamental differences
between the partitioning behaviour of pure fluids and suspensions
at a flow bifurcation. A T-bifurcation created a flow inwhich inertial
effects were significant in partitioning single-phase Newtonian
fluid into the two downstream branches. As the Reynolds number
(Re) increases, the straight branch becomes increasingly favoured
as the path for the fluid (Fig. 14). These findings suggest that inertial
forces play a critical role in determining the partitioning behaviour
of the fluid at the bifurcation and also show good agreement with
previous studies (Manoorkar et al., 2016). However, this trend is
less pronounced as the solid volume fraction (4) increases. Notably,
for 4 values equal to or greater than 0.2, the tendency for more
material to exit through the side branch is reduced. This behaviour
can be explained by shear-induced migration at higher 4 values in
the inlet branch and results in a depleted layer of particles near the
walls being more easily entrained into the side channel (Morris,
2020).

Particle trajectories approaching the stagnation region were
similar to those calculated in Stokes flow (Manoorkar and Morris,
2021). However, under the same conditions, large separation re-
gions are observed at the corners entering the outlet channels,
indicating the influence of bulk inertia. A significant challenge in
using simple, effective viscosity models in suspension flows with
complex geometries was highlighted in this study (Manoorkar and
Morris, 2021). This difficulty has also been observed in a previous
study of a suspension flowing through an asymmetric T-channel,
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where the lack of a migration model required consideration of
extended flow domains (Manoorkar et al., 2018). In this study, the
failure of the effective fluid model is attributed to the localized
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stagnation line region, and it is suggested that additional dissipa-
tion should be considered due to interactions between the particle-
laden flow and the boundary in such wall-normal flows (Li et al.,
2020a, b). The dependence of particle partitioning in dilute sus-
pensions on Reynolds number (Re) may be explained at a semi-
quantitative level through a combination of separate analyses of
(i) particle migration in pressure-driven suspension flows in
straight channels and (ii) single-phase fluid flow in the bifurcation
(Manoorkar et al., 2018). However, it is also observed that this
decoupled approach becomes invalid at higher concentrations, at
least partially because of the influence of particles on the suspen-
sion rheology (Manoorkar et al., 2018). Specifically, the partitioning
of particles leads to a higher solid fraction in the straight branch,
resulting in higher effective viscosity and increased wall shear
stress at a given flux in this branch. This phenomenon leads to a
higher flux in the side branch for large Reynolds numbers, in
contrast to the prediction of an effective fluid model that assumes
uniform concentration and yields results similar to those for a
single-phase fluid. These findings suggest that upstream particle
migration is coupled to the downstream hydraulic relation be-
tween axial flux and pressure gradient (Manoorkar et al., 2018).

The migration of particles in the regime of a bisection is due to a
combination of shear-induced migration and inertial migration
(Manoorkar et al., 2018), consistent with previous work related to
tube flow (Hampton et al., 1997; Ahmed and Singh, 2011). Due to
this migration, a larger fraction of particles migrate through the
straight outlet, increasing the effective viscosity of the suspension
and resulting in a higher flow resistance in the straight channel.
This effect on the downstream hydraulic relation between flux and
pressure gradient has not been previously reported. This result
becomes even more apparent when considering the ratio of fluxes,
where bparticle > bfluid for elevated values of particle volume fraction
(4). This difference in partitioning behaviour is also reflected in the
solid volume fraction in the straight outlet branch, as shown in
Fig.15, where an increase in the solid volume fraction is observed in
the straight outlet branch. Fig. 16 illustrates the significance of
boundary conditions in suspension flows. The inability of particle
centres to reach the near-wall streamlines implies that particles
seldom encroach into the recirculating regions associated with the
two separation regions, highlighting the influence of boundary
conditions on the distribution and behaviour of particles in sus-
pension flows (Morris, 2020).

Several recent studies have revealed the impact of fluid inertia
Fig. 15. Component split in a T-channel as a function of Re for different inlet solid fract
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on dense particle flows at fracture intersections. Proppant transport
in cross fractures has been investigated numerically (Zhang et al.,
2020a), and the proppant behaviour is described using mainly
two parameters: equilibrium proppant height (EPH) and the ratio
of proppant mass (RPM), the RPM in the secondary fracture to the
proppant mass in the cross-fracture network. RPM decreases with
increasing Reynolds number; thus, the proppant barely enters the
secondary fractures of the cross-fracture network when the Rey-
nolds number is large (Fig. 17a) (Zhang et al., 2020a). The outcome
of lattice Boltzmann simulations (Wang et al., 2022b) was in
agreement with these findings in which the proppant/particle
transport into the subsidiary fractures from the primary fracture
was characterized by the proppant leak-off ratio (a). This is the ratio
between the number of particles existing through the side branch
and the total number of particles entering the computational
domain. Increasing the Reynolds number decreases the particle
(proppants) leak-off ratio (Fig. 17b) (Wang et al., 2022b).

Moreover, with an increase in the flow rate, the Reynolds
number increases, and inertial migration becomes dominant in
transporting the proppant (Wang et al., 2022b). Particles within the
fracture are more prone to move into the centre of the primary
fracture as Re increases, and this behaviour is qualitatively repre-
sented in Fig. 18. Also, the position of the clustering of the prop-
pants moves up towards the centreline of the fracture as a result of
this inertial effect with increasing Re. Due to the combined effect of
inertial, centrifugal and fluid drag forces, the particle flow rate
within the secondary fracture is considerably lower than that in the
primary fracture (Zhang et al., 2022b). However, variations in the
impacts of these factors depend on the fracture geometry, fluid and
particle properties. Particles entering the secondary fracture are
subjected to the combined effects of inertial forces of particles and
drag forces of the fluid, and due to these effects, an arc-shaped
particle-free zone is created at the inlet of the secondary fracture
(Fig. 16).

Plug-and-perforation (P-n-P) completion of hydraulic fractures
is common during slick water fracturing for horizontal wells. The
transport of proppants in multiple fractures (near the heel, middle
fracture, and near the fracture toe) at field scale shows uneven
distribution and placement of proppants within fractures and their
driving mechanism while providing strategies to improve the
proppant placement from the perspective of P-n-P treatments (Mao
et al., 2021). The results of simulations reveal a heal-biased prop-
pant distribution (most proppants are transported into the first
ions: (a) Fluid split, and (b) Particle split (replotted from Manoorkar et al. (2018)).



Fig. 16. Comparison of results of experiment and numerical simulation of solid particle distribution at a bifurcation for neutrally buoyant suspensions (Morris, 2020). Formation of
the particle-free zone at the fracture intersection (dense particle) (modified from Zhang et al. (2022b)).

Fig. 17. (a) Variation of the RPM with Reynolds number (replotted from Zhang et al. (2020a)); and (b) Simulation results: Variation of proppant leak-off ratio (a) with the Reynolds
number (Re) (replotted from Wang et al. (2022b)).
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fracture near the heal), which agrees with several field observa-
tions. At the initial stage of injection of the proppants, most of the
proppants tend to mobilize into second and third fractures (toe
side) due to the inertial fluid effect (Fig.19). If the fluid velocity near
the first fracture (heel) was too large, the fluid flow would not be
diverted into the first fracture due to inertial effects. Similarly,
much of the proppant will move with the fluid passing the second
fracture and forward towards the third fracture (toe side). At a later
stage, since the proppant concentration increases near the toe side,
injected proppants tend to enter into the first fracture (heel side)
(Mao et al., 2021).

In conclusion, many studies have explored the rheology of
suspension flows and focused on the flowwithin the Stokes regime,
1930
with limited attention given to the particle dynamics in the inertial
regime of channel flow and fractures. Detailed investigations of
particle dynamics in inertial and turbulent regimes within complex
fracture geometries have rarely been reported. Moreover, the dy-
namic nature of neutrally buoyant particles within channels is
commonly reported, while heavy particle dynamics is seldom
found. Caution must be exercised when extrapolating such corre-
lations based on experimental/numerical findings into dense par-
ticle dynamics in fracture flow. For higher concentrations of
particles, bulk suspension flow is significantly affected by particle-
induced rheological effects. While there have been efforts to con-
nect local particle behaviour to the overall flow characteristics
within channels in the inertial regime, the complexity of the flow



Fig. 18. Simulation results: Variation of proppant concentration with vertical coordi-
nate (y) of the main fracture for different Reynolds numbers (Re) (replotted fromWang
et al. (2022b)).

Fig. 19. (a) Computational cell configuration of the wellbore fracture system, and (b)
Evolution of normalized fluid velocity flowing into the three fractures during the entire
injection (replotted from Mao et al. (2021)).

E.A.A.V. Edirisinghe, M.S.A. Perera, D. Elsworth et al. Journal of Rock Mechanics and Geotechnical Engineering 17 (2025) 1906e1939

1931
makes modelling a challenging task. How fluid and particles are
distributed into subsidiary fractures and side branches depends on
several factors, including Re, size and shape of particles, particle
volumetric concentration, channel geometry and boundary condi-
tions. In particular, the partitioning of fluid and particles into
branching fractures involves fluid inertial effects. However, signif-
icant research gaps remain in accurately predicting this dynamic
behaviour, which leads to ineffective particle distributions into
subsidiary fractures in proppant transport. Laboratory experiments
conducted using complex slot configurations have indicated that
the complexity of the configuration does not pose a significant
limitation on slickwater proppant transport. Instead, proppant
transport in subsidiary fractures is primarily influenced by the
presence of well-developed proppant dunes in preceding fractures.
7. Summary of particle-fluid modelling approaches

Basically, two approaches available for modelling two-phase
flows: the Eulerian-Eulerian approach and the Eulerian-
Lagrangian approach (Andrews and O'Rourke, 1996; Prosperetti
and Tryggvason, 2009; Barboza et al., 2021; Wen et al., 2022). The
primary distinction between these approaches lies in treating the
dispersed phase. In the Eulerian-Eulerian method, both the frac-
turing fluid (continuous phase) and the particles (dispersed phase)
are modelled as continuous media that interpenetrate (Barboza
et al., 2021; Wen et al., 2022). In contrast, the Eulerian-
Lagrangian approach treats the continuous fracturing fluid phase
with Navier-Stokes equations, while the dispersed particle phase is
modelled using Newton's laws (Barboza et al., 2021). Two primary
versions of the Eulerian-Eulerian approach are employed in particle
transport modelling in fracture flows: the mixture and the two-
fluid models. The mixture model resolves the flow using a single
set of Navier-Stokes equations to determine the average properties
of the slurry. In contrast, the two-fluid model uses two sets of
Navier-Stokes equations to represent the fluid and proppant phases
individually (Barboza et al., 2021). Three distinct types of Eulerian-
Lagrangian schemes have been utilized: the Dense discrete phase
Model (DDPM), coupled Computational Fluid Dynamics-Discrete
Element Method (CFD-DEM) and the Multiphase Particle-in-Cell
Method (MP-PIC) (Adnan et al., 2021; Wen et al., 2022). DDPM
and MP-PIC methods are considered hybrid Eulerian-Lagrangian
methods since the particle phase in these models exhibits contin-
uum and discrete properties (Wen et al., 2022). Each proppant
particle is individually simulated using the DEM approach in the
CFD-DEM framework. On the other hand, the MP-PIC model groups
particles sharing similar properties into a single entity, known as a
parcel, and tracks these parcels collectively (Barboza et al., 2021). A
brief comparison of numerical approaches for particle-fluid flow
modelling is given in Table 6.
8. Future directions and improvements

Gaining a deeper insight into particle transport mechanisms in
fractures, particularly under fluid inertia and turbulent flows, is
paramount. This review underscores several knowledge gaps, and
potential research hotspots within this domain warrant further
investigation.

Research on the behaviour of particles in inertial and turbulent
flows through fractures is still emerging, with most studies
focusing on particle settling without considering the complex in-
teractions between particles and their carrier fluid. Although fluid
dynamics research has extensively explored particle-laden



Table 6
Comparison of advantages and disadvantages of numerical approaches for particle-fluid flow modelling.

Method Model Fluid-
particle
interaction

Particle-
particle
interactions

Advantages Disadvantages Application in different models

Eulerian-
Eulerian

Mixture
model

(1) Computationally less intensive, high
efficiency and easy implementation;
(2) Efficient for simulating large-scale
flows where detailed phase interactions
are not the primary focus but rather the
overall behaviour of the mixture;
(3) Well-suited for flows where phases
are fully intermingled (where
distinguishing between phases on a fine
scale is not critical)

(1) Limited information on the
interactions between phases;
(2) Assumes homogeneous mixing,
whichmay be inaccurate in flowswhere
the distribution of phases is non-
uniform or where there is significant
phase separation

Adachi et al. (2007), Dontsov and
Peirce (2015), Kong et al. (2015),
Denison et al. (2018),
Hu et al. (2018b), Roostaei et al.
(2018)

Two-
fluid
model

(1) Treats each phase separately,
allowing for a detailed description of
phase interactions;
(2) Ability to model interfacial forces
and momentum transfer between
phases more accurately;
(3) More versatile for a wide range of
multiphase flow situations, including
stratified flows, dispersed flows, and
flows where phase distribution is non-
uniform;
(4) Computationally less intensive, high
efficiency and easy implementation

(1) Less efficient than the Mixture
Model for large-scale simulations;
(2) Need for accurate closure models to
describe interphase interactions;
(3) More susceptible to numerical
instability, especially in flows with high
phase differences in density and
viscosity, requiring careful numerical
treatment and possibly more
sophisticated solvers;
(4) Inaccuracy and lack of physical
mechanisms compared to Lagrangian
approaches

Boronin and Osiptsov (2014),
Shiozawa and McClure (2016)

Eulerian-
Lagrangian

DDPM Empirical
models

KTGF
(kinetic
theory of
granular
flow)

(1) Efficiently handling dense
multiphase flows, where it can be
computationally prohibitive to track
every particle;
(2) Can scale to simulate large systems
more effectively than methods
requiring individual tracking of each
discrete phase entity;
(3) Allows for both one-way and two-
way coupling between the phases,
making it suitable for a broad range of
applications;
(4) Computationally less expensive
compared to other EueLa methods

(1) For dense particulate flows, where
particle-particle interactions are
significant, DDPM becomes
computationally expensive;
(2) The accuracy decreases in dense
multiphase flows where particle-
particle interactions become dominant

Tong and Mohanty (2016), Hu et al.
(2018a), Hwang et al. (2019), Suri
et al. (2019), Wen et al. (2020)

MP-PIC Empirical
models

Solid stress
model

(1) Efficiently simulate dense
particulate flows by averaging the
properties of particles within a
computational cell, reducing the
computational cost compared to
tracking individual particles;
(2) Effective for simulations where
particle concentrations are high

(1) The averaging process can lead to a
loss of detailed information about
individual particle dynamics;
(2) Uses approximations to represent
particle-fluid interactions, which may
not capture all the nuances of these
interactions in certain conditions

Tsai et al. (2012), Zeng et al. (2019),
Zhang et al. (2020c), Mao et al. (2021)

CFD-
DEM

Empirical
models

Contact
model

(1) Excels in simulating the detailed
interactions between particles,
including collisions, friction, and
cohesion;
(2) High accuracy in capturing fluid-
particle and particle-fluid interactions;
(3) Applicability to the high volume
fraction of particles;
(4) Allows for two-way and four-way
coupling between the phases;
(5) Suitable for complex geometries
where the detailed behaviour of
individual particles needs to be
captured

(1) The detailed simulation of fluid
phase and discrete particles makes
computationally intensive, especially
for large-scale systems;
(2) Complex to set up and requires
significant computational resources,
including advanced algorithms for
handling particle-fluid and particle-
particle interactions

Zhang et al. (2017a), Blyton et al.
(2018), Wu and Sharma (2019),
Yamashiro and Tomac (2020b),
Akhshik and Rajabi (2022), Zhang
et al. (2022b), Zhu et al. (2023)

RANS-DEM: Combines RANS (Reynolds-averaged Navier-Stokes) for fluid flow
with DEM for particle tracking. Suitable for statistically steady flows but may not
capture all turbulence-particle interactions accurately
LES-DEM: Combines LES (large eddy simulation) with DEM, offering improved
resolution of turbulence-particle interactions at a higher computational cost
DNS-DEM: Combines DNS with DEM, providing the most detailed resolution of
fluid-particle interactions but at a prohibitive computational expense for most
practical applications
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turbulent flows, it primarily examines neutrally buoyant particles,
leaving the dynamics of dense particles in such flows underex-
plored. This oversight is significant as findings related to neutrally
buoyant particles cannot be readily applied to dense particle flows,
such as proppant transport in hydraulic fracturing. Bridging this
knowledge gap requires a holistic approach that combines experi-
mental research and numerical simulations to enhance our un-
derstanding of dense particle dynamics in turbulent inertial flows.

Fluid inertia significantly influences particle-laden flow,
particularly at fracture intersections where it partitions the flow,
adversely affecting particle distribution in bifurcation flows and
leading to suboptimal distribution in subsidiary fractures. The
complexity and unpredictability of inertial and turbulent flows
hinder understanding these dynamics. Crucially, the interaction
with boundaries and the conditions at these boundaries are pivotal,
especially for inertial flows at fracture intersections, suggesting
that particle inertia effects cannot be fully explained by local con-
ditions alone. This challenges traditional constitutive models.
Furthermore, the role of boundary conditions on particle motions,
both normal and tangential at solid interfaces, is vital but has not
been thoroughly investigated, indicating a significant gap in cur-
rent research on particle-laden flow dynamics.

The understanding of how solid particles modify the turbulence
of a carrier fluid remains limited despite recognising its signifi-
cance. Various proposed mechanisms and crucial factors contribute
to this complex phenomenon. Yet, a consensus is elusive, especially
in differentiating direct turbulence modulation effects, like
increased viscosity, from other influences such as momentum
transfer, particle wake impacts, and particle-induced stresses. The
scale-dependent nature of turbulence and the diverse responses
from different particle sizes and concentrations compounds the
challenge. Advancing our understanding necessitates a nuanced
approach integrating experimental research with advanced
computational modelling, covering a broad range of scales from
microscale particle-fluid interactions to macroscale flow patterns.

Inertial clustering occurs broadly across different parameter
spaces, even beyond where preferential sampling is noticeable,
particularly in high Reynolds number turbulence, where cluster
size varies significantly. The specific processes that lead to cluster
formation in such environments, especially under the influence of
increased inertial flows and gravity, are still under debate. This
situation underscores the necessity for more research to under-
stand the mechanisms behind particle agglomeration in inertial
and turbulent flows. Future studies should focus on identifying the
conditions favouring different clustering mechanisms and their
interactions and how particle characteristics like size, density, and
shape affect cluster formation and behaviour.

Turbulence notably increases the settling speed of smaller par-
ticles through preferential sweeping, but this effect inversely im-
pacts larger particles over a wide range of parameters due to
unsteady and nonlinear forces. The interaction with volume frac-
tion adds complexity, involving hydrodynamic interactions and the
obstruction from fluid displacement. This highlights the need for
more research into the settling dynamics of particles within tur-
bulent flows and fluid inertia. Future efforts should aim to separate
the effects of various forces and interactions, considering different
turbulence intensities and particle densities.

Considering the current research findings on fluid inertia and
turbulence, as discussed in the review paper, improvements to the
proppant process in engineering applications should specifically
address the challenges and opportunities these phenomena
present.

Accurately modelling fluid inertia is essential for predicting
proppant transport and deposition in hydraulic fracturing, with
current models often oversimplifying fluid dynamics, resulting in
1933
inaccuracies in high flow rates and complex geometries. Advance-
ments could stem from employing sophisticatedmodels that utilise
the full Navier-Stokes equations for more precise capture of inertia
effects. Research indicates the need for more specific turbulence
models beyond generalised ones, suggesting the adoption of LES or
DNS for a finer understanding of turbulence and its interactionwith
proppants. Such detailed models could improve proppant suspen-
sion and distribution strategies by identifying zones of significant
turbulence or variable fracture roughness, enabling targeted ap-
proaches to enhance proppant delivery.

Current models for proppant transport in hydraulic fracturing
often do not capture all essential mechanisms, leading to over-
estimating the propped length of fractures. These models simplify
the dynamic nature of proppant settling as fractures expand, which
can differ from laboratory observations. Thus, applying laboratory-
derived correlations to field scenarios requires caution. Recent
experimental research has identified critical factors affecting
proppant transport and refined measurements such as drag coef-
ficient, settling velocity, and dune height. Despite these advances,
integrating these empirical insights into numerical simulations
remains inconsistent, highlighting a gap between experimental
findings and their application in modelling efforts.

Optimising proppant characteristics like size, shape, and density
is crucial for improving transport efficiency in hydraulic fracturing,
considering the effects of fluid inertia and turbulence. Tailoring
proppants to minimise the drag and enhance suspension can
mitigate the negative impacts of fluid dynamics. Furthermore,
adopting innovative fracturing techniques incorporating an
advanced understanding of fluid dynamics, such as staged frac-
turing and variable rate injections, could improve proppant distri-
bution. These strategies might include dynamic adjustments of
injection rates and pressures to navigate flow regimes effectively,
aiming to extend proppant transport throughout the fracture
network and reduce uneven distribution. Research suggests that
using smaller or specialised lightweight proppants could facilitate
movement into secondary fractures, supported by findings that a
certain velocity threshold is necessary for transporting proppants
into subsidiary fractures near the wellbore. Cyclic loading of
proppants at controlled flow rates has also been identified as
beneficial, indicating the importance of fluid dynamics in opti-
mising hydraulic fracturing operations.

In conclusion, the improvements necessary in the field of en-
gineering to optimise the proppant transportation process,
considering fluid inertia and turbulent effects, encompass a broad
spectrum of research, development, and operational strategies.
These strategies range from advanced computational modelling
and material science to innovative fracturing techniques and real-
time operational adjustments.

9. Conclusions

The preceding comprehensively reviews the state of under-
standing of the mechanism of particle transport in fractured geo-
energy reservoirs, considering the effect of fluid inertia and tur-
bulent flow. Despite considerable research, the mechanisms by
which particle transport and distribution within fractured reser-
voirs are influenced by flows characterised predominantly by fluid
inertia and turbulence remain elusive. This gap highlights the ne-
cessity for further investigative work in this domain. Such an un-
derstanding is critical for optimising hydraulic fracturing
techniques and improving resource extraction efficiencies. As this
review paper draws to a close, it becomes evident that advancing
our knowledge in this area requires dedicated and rigorous future
studies.

The traditional lubrication approximation for flow fails to
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represent the true complexities of actual fracturemorphologies and
the impact of nonuniform and unsteady flow behaviours must be
fully considered in particle dynamics to account for significant in-
ertial effects. Typically, viscous forces are assumed to govern fluid
and particle transport dynamics for low-velocity flows, with fluid
inertia considered important only for high-velocity flows. However,
resulting from significant gradients in fracture geometry, early
onset of fluid inertia can occur evenwithin the laminar flow regime
- and its impact on particle dynamics is important and must be
considered.

Fluid inertia significantly affects particle-fluid two-phase flowat
fracture intersections - that are ubiquitous in fracture networks.
These migration phenomena and the mechanics controlling the
splitting of streamlines are still not fully comprehended and char-
acterised - response importantly controlled by nuances in Reynolds
number, particle volumetric concentration, fracture geometry and
boundary conditions. Both fluid inertia and turbulence play a
crucial role in controlling particle motion and distribution, with
phenomena such as inertial migration, centrifugal instabilities and
eddy dynamics impacting transport. The review has elucidated the
conditions under which turbulence becomes a dominant factor,
emphasising its dual role in promotingmixing and dispersionwhile
potentially trapping particles in low-velocity zones.

The controls of particle volume fraction in defining transport in
turbulent flows are complex, involving competing factors such as
collective drag, hydrodynamic interactions and hindrance caused
by the displaced fluid. Particle clustering and lubrication effects are
significant in the transport and settling of concentrated slurries.
Understanding these complex particle-fluid interactions is crucial
in accurately evaluating slurry flow and settling behaviour.

In conclusion, this review underscores the importance of
considering the impacts of fluid inertia and turbulence in studies of
particle flow in fractures. It calls for a multidisciplinary approach to
tackle the challenges associated with accurately predicting particle
transport in fractured media, which is vital for a wide range of
applications in geosciences, engineering, and environmental
science.
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